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Aunnomayusn. Paccmorpena cucrema audQepeHIHaTbHBIX ypaBHEHHH C YacTHBIMHU
IIPOU3BOAHBIMU BTOPOTo nopsiika. [IpaBas 4acTb CHCTEMBI COAECPKHUT IPOU3BOAHYI0 HEU3BECTHON
(GYHKLMY 110 TPOCTPAHCTBEHHOM MEpeMEHHOM MepBOro MOpsAIKa U CHCTeMa SBJseTCS HeTUHEHHOM
10 OTHOIIEHUIO K Hen3BeCTHOM (QyHKuuU. KoadduuneHT npon3BoiHON HEM3BECTHON (PYHKLIHHU 1O
MIPOCTPAHCTBEHHOM NTEPEMEHHOM MEPBOTO MOPsAKa 3aBUCUT OT HEM3BECTHOM (pyHKIMU. B HacTosee
BpEMsS OIHOW W3 AaKTyaJbHBIX 3a/Jad sBIETCA pPACIPOCTPAHEHUE METOAA JOTOJHUTEIBHOIO
apryMeHTa Ha cucreMy JIudQepeHIHaIbHbIX YPaBHEHUN C YacTHBIMHM IPOU3BOAHBIMU Oolee
BBICOKOTO Topsijika. Panee mpumensuach k cucreme nuddepeHInanbHbIX ypaBHEHUN B YaCTHBIX
MIPOM3BOAHBIX MEpBOro mopsiaka. B pabore 3amaua Komm ans paccMmarpuBaeMOM CHUCTEMBI
muddepeHnnaIbHbIX YPAaBHEHUH B YaCTHBIX MPOM3BOAHBIX BTOPOIO MOPSAJIKA CBOAUTCSA K CUCTEME
UHTETpabHBIX YpaBHEHMW. B IpuBeAEHHON cCHCTEME WHTErpajbHbIX YPaBHEHHM YHUCIIO
HEU3BECTHBIX pABHO IIECTH, W H3y4aeTcs CYyIIECTBOBAHWE U E€AMHCTBEHHOCTh pEILIEHUs
paccMaTpuBaeMoOi HHTErpalibHON cucTeMbl. OHa 00eCTIeunBaeT CyIECTBOBAHUE U €IMHCTBEHHOCTD
pemieHust cucteMsl AudQepeHnnanbHbIX YPaBHEHUH B YaCTHBIX MPOU3BOJHBIX BTOPOTO MOpPSIKA.
[TpuMeHsTCS MPUHLUT CXKAThIX 0ToOpaskeHHi. Mcnone3yercss Heckonbko 0003HaueHn. OCHOBHON
LeJbI0 METOJIa JIOTIOJIHUTEIBHOIO apryMeHTa SIBJSETCs MPUBEICHNE MCXOIHOM 3a/laud K cucTeMe
MHTErpaibHbIX ypaBHeHU. MccnenoBansl nuddepenimanbabie ypaBHEHUS B YaCTHBIX IPOU3BOAHBIX
OoJiee BBICOKOTO MOPSIKA, a TAKXKE MHTETpo-AuddepeHtnanbapie ypaBHeHUs. B otnnume ot metona
XapaKTepUCTUK, HET HEOOXOAUMOCTH NMPHUBOAUTH CUCTEMY K KaHOHHWYeckoi ¢opme. IlomyueHHble
pe3yabTaThl MOXKHO PACIIPOCTPAHUTH Ha ClIydaid, KOTJla ypaBHEHHUS CHUCTEMBI COJEp’KaT YacTHBIE
MIPOM3BOAHBIE TIEPBOTO MOPSIJIKA [0 BPEMEHHU.
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Abstract. In this article, a system of second-order partial differential equations is considered.
The right-hand side of the system contains the first-order spatial derivative of an unknown function,
and the system is nonlinear with respect to the unknown function. The coefficient of this first-order
derivative depends on the unknown function itself. Currently, one of the relevant problems is the
extension of the method of an additional argument to systems of higher-order partial differential
equations. Previously, this method was applied to systems of first-order partial differential equations.
In this work, the Cauchy problem for the considered second-order system is reduced to a system of
integral equations. The resulting integral system contains six unknown functions. The existence and
uniqueness of the solution of this system are studied, which ensures the existence and uniqueness of
the solution to the original system of second-order partial differential equations. The contraction
mapping principle is applied to the system of integral equations. Several auxiliary notations are
introduced in the reduction process. The main purpose of the method of an additional argument is to
transform the original problem into a system of integral equations. Using this method, higher-order
partial differential equations as well as integro-differential equations have been investigated. It should
be noted that, unlike the method of characteristics, this approach does not require reducing the system
to canonical form. The results obtained in this work can also be extended to the case where the system
contains first-order partial derivatives in time.

Knwouesvie cnosa: MeTon NONOIHUTEIBHOTO apryMeHTa, CHCTEMa, YacTHBIC IPOU3BOIHBIC,
BTOPO¥ MOPSAIOK, MHTETPAJIbHBIE YPaBHEHHSI, C)KaTOE OTOOpaKEHHE.

Keywords: additional argument method, system, partial derivatives, second order, integral
equations, compressed mapping

PaCCManI/IBaCTCSI HCIIOJIb30BAHUEC MCTOHAA MAOIOJHHUTCIBHOIO aprymMeHTa, IpeaIaracTcsa
cieayromiasa CucreMa:
2 2
0% (t,x) 9%u;(t, x) ou; (t,x) (1)

T ajz( ,x)T+cj(t,x,uj(t,x))T+Fj(t,x,ul,uz),

i=12  (tx)€Q,(T)=[0,T] XR.

®ynxuun B (1) aj(t,x) # 0,j = 1,2 n 3a1aHbI HAYAIBHBIE YCIOBHUSL:

2

W = (,bk(x), k=01, j=12, x€R.
t=0
[leap cocTouT B TOM, YTOOBI MpHUBECTH 3aaady Komm ajisi paccMaTpHBacMOW CHCTEMBI K
HHTeraHBHOﬁ CUCTCMC C MOCICAYIOMUM JOKA3aTCJIbCTBOM CYHICCTBOBAHUA W CIWHCTBCHHOCTH
peuicHu-d HHTCTpaﬂLHOﬁ CUCTEMBEI. I[J'Iﬂ JOCTHUKCHUA 3TOU oejim HadOo BBECTHU HECKOJIIBKO
O6O3HaLICHI/H7I. ByI[CM HCIOJIB30BATh CJICAYIOIINUC 0603Ha‘{eHI/IH:

gij(t, xX,Ww) = ﬁ [c;(t, x,w) + (—1)i(ajt(t, x)+ (—1)i+1aj(t, x)ajx (L, x)], (3)
i,j =12,
ag{ (t,x,w) . “4)

r/(t,x,w) = (1)1 . 0,j=1.2.

ow

Onpenenenus NpocTpaHcTB GpyHKUIUN MoxpoOHO onucaHbl B paborax A. JK. AmmupbaeBoi, 3.
A. MawmasuseBoit, M. U. Umanamues, C. H. Anekceenko [1-2]. [loaTomy He OymeM moapoOHO
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OCTaHAaBIIMBAThCsl Ha OIpeIeIeHHsI TPOCTPaHCTBaX (YHKIIMIA, HCTIONb3YeMBIX B paboTe. PaccmoTpum
CJIEIYIOIIIE BCIIOMOTaTeNIbHbIE HHTETPANIbHBIC YPABHEHUS:

plst,x)=x+ (D[] ap/(ntx))dr,ij=120<s<t<T. Q)

W3 Teopuu HMHTErpaibHBIX YPaBHEHMH HaM W3BECTHBI, 4TO C OQynkuued a;(t,x) €

2 ;
C,g )(Gz (T)), j = 1,2 unrerpasnbHble ypaBHEHUs TUMA (5) UMEIOT €AMHCTBEHHBIE pemieHus [3-4].
JIist permieHui 3TUX UHTETPAIBHBIX YPABHEHUM UMEIOT MECTO CIEAYIOIINE YPAaBHECHHUS:

apij (s,t,x)
ot

Hcrionb3yeM JOMOTHUTEIbHOE 0003HAYCHHE:
& W(t,x) = (—D"D[(-1)*a;(t,x)]g] (6, x, W(t,x)), i,j=12.

ap{ (s,t,x) _0

+ (—1)'a;(t, x) P ,

ij=1.2.

TEOPEMA. Ilyctb

Dlx) € CETW), k=01, j =12, a;(t,x) € CP(Go(T)), j =12

2) ¢i(t,x,w) € CP(Go(T) x R), j =12

W 5Tu (yHKUMM M MX YacTHbIE MPOU3BOJHBIE NEPBOrO MOPSAKA YIOBIETBOPSIOT YCIOBUIO
Jlnnmmna no aprymenty W,

3) pyukumu F;(t,x,uq, uy) € C ISZ) (G,(T) X R?), j=1,2 u ynoBIETBOPAIOT ycI0BuUIO Jlummmma:

|P}(t' X, u%'u%) - F}-(t, X, uf,u§)| < Llllu% - u%”Gz(T) + LZ”“% - u%“Gz(T)r L; = const,i = 1,2,
Torna cymecTtByeT Takoe HeoTpHuLaTeapHoe yncio T*, yro 3agaqa (1)-(2) umeer eqMHCTBEHHOE
pemenue B C 152) (G,(T). MbI noaTBepKIaeM JOKA3aTEIbCTBO TEOPEMBI JOKA3aTEIECTBOM HECKOJIBKHX

JeMM.
Jlemma 1. Pemenune 3anaun (1)-(2) ynoBineTBOpsieT CHCTEME HHTETPAJIbHBIX YpaBHEHUH,
coCTOsIIIEeH U3 ClIeAYIOMUX 6 HEN3BECTHBIX, U UMEET MECTO U OOpaTHOE:

o t . 6
(6, %) = pJ (P} (0, £, 1)) + f 91 (s,pl (s t, 1))ds; ©

0

, 1 . . o1 7
9/ (t,x) = E‘/’L] (] (0,t,x)) + (—1)** E‘g‘] (t, 2, u; (t, 0)u;(t, x) + )
1t . . . .
+(—1)‘§]0 gi] (s, pi] (s, t,x), u;(s, pi] (s, t, x)))19i] (s, pi] (s,t,x))ds —
1t . . . )
_E,f £ (s, 0] (s, t, x);u;i (s, 0] (s, £, X)) w; (s, p] (s, £, %)) ds —
1t . ’ P ; , ) . .
_EL ri](s, pi],uf (s, pl.] (s, t,x))ul (s, pl.] (s, t, x))ﬁ?{_i(s, pij (s,t,x))ds +
t . . .
+f Fi(s,p] (s, t,%),u1(s,0] (5, t,%)), uz (s, 0] (s, £, x)))ds, i,j =12,
0
rre [297(t, %) + (—1)ig! (t, x, Wy (t, 0)]|t =0 =P/ (x) i,j=12 ®)
ﬁg(t, X) = D[(—l)iaj(t, x)]u;, D[w,v] = w% + v%. )
Lokazamenvcmeo. Ilo IIOCTPOEHMUIO, qbg (p{ 0,t,x)) + fot 19{ (s, p{ (s, t,x))ds =

G3(P1(0,£,%)) + [, 9] (5,04 (5,1, %))ds.
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[Tycth ﬁij (t,x), i,j=1,2, — ynosaerBopstotr (6), (7). Torma muddepenuupys (6), (7) ¢
ydyeToM o0o3HadeHus (9) nmMeeM:

D[(—1)ia;(t, )]y = 9/ (t,x), (10)
D[(—1)™*a;(t, x)]9/ (t,x) = (—1)i+1% gl (t,x,wW)9]_(t,x) + (1
+(—1)i%gij(t, x,u)9/ (t,x) + Fi(t,x,u3,up), i.j =12

Crnenosarensho, u3 (10), (11) moxyyaem ypaBHeHuto (1).

Hawm ynanock noka3aTth nepByIo 4acTh JIEMMBI, TO €CTh, YTO CUCTEMA HHTETPAIbHBIX YPaBHEHUN
YIIOBJIETBOPSET mocTaBiieHHou 3anade (1), (2). To ectb pemenue Cucremsl (6), (7) Oyzmer pemennemM
3anauu (1), (2). Ml noskHel noyuats (6), (7) u3z 3agauu (1), (2), npencraBaeHHON BO BTOPOM YacTH
JeMMBI. 3/1eCh UCHOIB3YeTCsS METO/ JOMOIHUTEIBHOTO aprymMenTa. [IpuMeHenns JaHHOro MeTosa
JUIS CUCTEM YPaBHEHHI MIEpBOTO MOPSIKa IPUBEIEHBI B paboTax [5, 6]. i mpuMeHeHus yKa3aHHOTO
METO/Ia MBI MO’KEM 3amnucath ypaBHeHue (1) B ynoOHoI /uis Hac dopme:

D[(—1)"*'a;(t, x](219](t x) + (—1)'g} (t x,wu) = (-1)igl (¢t x, u;)V; (t,x) — (12)
—f (&6 ) — 1 (& % w)u (8 )9, (6, %) + 2F; (6, x,u,up), 6 = 1,2.

(12) naer ypaBuenuro (1):

DI(=1)™1a;(t, )19/ (t, %) — 1/ (t, %, u)I] (t, ) (£, ) — 7 (&, % w)w (¢, x)
++(=1)ig! (t, x,u) 9] (t, x)
= (=1)ig] (t, 6, w9/ (t, x) — £/ (t, ;0w (t, ) — =7 (t, %, w)9]_, (£, ©)w; (¢, x)
+ Fi(t, x,uq,uz), Lj, k=12
Ortcroma
2D[(=1)"*a;(t, ) ]9/ (t, x) (=1)*1g! (t, x,w)9]_,(t, %) (13)

+ (=1)ig) (t, x, w9/ (t, x) + +2F;(t, x, u,wp), i,j = 1,2
azu](tx)

9?2 u](tx) 6u](tx)

M (13): 2 [ =L Z(t x) DI(—1)"* a;(t, )] a;(t, )| =
9u; (L, x) x)

— i+1 i+1 ( X) i J
= (-D"*g/ (txw) Framl Gl I ) + (=1D'g; (t,x,u;) X

+ (D)=

ou;(t,x
><< ’; )+( 1! a;(t, x) f( )>+2Fj(t,x,u1,u2), i,j =12
2.,. .
Oroo  2[=2E - 0 )a”’“’”ﬂ 1) 2482 pl 1)y (6 0y 2, 2)] =
2(c;(t,x,w) +(—1)'D[(—=1)*a; (£, )] a; (¢, x)aul(t") =12

Taxkum 006pa3om, MbI OKa3alin, BTOPYIO YacThb JemMMbl 1. Micnons3yem ob603HaueHHE:
. — 949/ i
zi(t, x;u;) = 29; (¢, x) + (—1)'g; (t, x, u)u.
Hns (12) ucnonb3dyem MeETOJ JOMOJHUTENBHOro aprymeHta. (CregoBaTenbHO, MOJIydaem
clenyrolee ypaBHeHHE, T.e. MHTEerpo-audpepeHnmnantbHoe ypaBHEHHUE:
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z(txu) = ¢/ (Pij(O, t, x)) (14)

t . . . . . t . . . .
(-1 f 91590y (5,08 (s, pl)ds — f £ (sl w5, p ) (s, p))ds
t . 0 . . . . . 0 t . .
- f 7 (5,001, (s, p) )y (5, )91 (s, pl)ds + 2 f F(s,plus,p))ds, i)
0 0
=1,2.

C momorrsio onepanuu qudhepeHIpoBaHMs MOXHO MOy4InuTh u3 (14) ypasaernue (13). A (14)
c yuetoM (3), (4) naet vam (7). s (10) npumensisi MeToAa JOMOIHUTEILHOTO apryMEHTa, TIOJTy4aeM
(6). CnemyeT OTMETUTh, 4YTO JJS pACCMATPUBAEMBIX YPAaBHEHHHM TakXke HMEIOT MECTO
COOTBETCTBYIOIIME HaYaJIbHBIC yciioBus (2), (8). Jlemma noka3zaHa.

Jlemma 2. CymiecTByeT Takoe HEOTPHUIATENLHOE YHUCIO 7*:, 4TO CHCTEMa HMHTErPajbHBIX
ypaBHeHuii (6)-(7) uMeeT eAMHCTBEHHOE perienue B oonactu G2(T%*).

okaszamenvcmeo. 3anuiiem cuctemy (6), (7) B Buze:

0(t,x) = A(t, x; 0), (15)

rne 6 = (01,02,03,02%,03,0%) — dynxuuu nepemeHHsIx (¢, x).
[TpuMeHeHBI 0003HAYEHUS: 91.] = 191.] (t,x), i,j=12, 93{ =u;(t,x), j =1,2;

_ L L o
A=(A} AL A3, A5, A3, AF), tie A[(t,x;0) =S¢ (p{ (0,t,)) + (—1)'"* - g{ (t,x,05)6; +
i1t i i i 1t i A i i i

+(=1)'3 Jy 9/ (5,0, 6] (5,p0)6] (s, 9)ds — 2 [ £ (5,173 03 (5,p{))63 (5, p{ )b —

10t i o ) ; o ) ¢ o ; o
Y fo ri] (s, plj, 93{ (s, plj))e’a{ (s, p{)@;_i(s, plj)ds + fo F}'(S' pl], 63{ (s, pl]))ds , LJ=12
. . . t . .
Aé (t,x;0) = qbé (p{ 0,t,x)) + J 91] (s, p{ (s,t,x))ds.
0

MBI 10KHBI J0Ka3aTh, uTo ypaBHeHuE (15) umeer B obnactu G2(7™*) npu HeOTpULATETLHOM
T* pemieHue W OHO enuHCTBeHHO. Hopmy ompemenum crieayrooumMm  obpasom: ||8]]. =

. | = 1,2,3).
(t,x')’é?ﬁﬁr*){ 10;(t, x)|, i =1,2,3}

N3 ycnoBuil TeOpeMbI UMEEM:

1. A(t,x;0) orpanrueHO.

2.11A(6) =A@ =T +L*6"=6"ll.,

rae L* — HekoTopas KOHCTaHTa, ompejaesseMas W3 HOpM M Kodddumuentos Jlummmuia
3aJIaHHBIX (QYHKIIHH.

Ilo npunyuny corcamvix omoopadscenuti MON*CHO YMEEp#coamy, 4mo Jjemma 2 O0KA3aHd.
Cnedosamenvho, Teopema doxaszana.

Bui1600b1

[IpuBenn 3amauy Komm s paccmarprBaeMOW CHCTEMBI K MHTETPAIbHOM CHCTEME C
MTOCJENYIOINUM JIOKA3aTeIbCTBOM CYIIECTBOBAHMS M €IMHCTBEHHOCTH PEIIEHUS HHTETPaJbHOU
cucteMsl. [lonyueHHbIe B cTaThe pe3ysbTaThl MOKHO pACIIPOCTPAHUTD HA Ciy4ail, Korga ypaBHEHHUS
CHCTEMBI COZIepKaT YaCTHBIE IPOU3BOHBIE IIEPBOIO NOPAIKA 10 BPEMEHH.
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Annomayus. llpeacraBieHue rpymm 4epe3 UX MOPOKIAIOIIME AJIEMEHThl U OIpEesIoe
COOTHOIICHHSI COCTaBJISICT OJWH W3 IVIaBHBIX BOMPOCOB B KOMOWHATOPHOW Teopuu rpymm. B
yKa3aHHOM HamNpaBlIEHUM K HACTOSIIEMY BpPEMEHU JOCTUTHYTO O4Y€Hb MHOTO€ U H300peTeHO
MHO>KECTBO PA3IUYHBIX METOI0B. OJTHUM U3 TAKUX CIIOCOOOB SIBIIETCS METOJI TpaHC(OpMaIuu OYKB.
CyTh 3TOrO METOJla COCTOMT B TMPEeoOpa30BaHUU BCSKOTO CJIOBAa BBIOPAHHOTO (MTOPOXKIAOIIETO)
andaBuTa K €ro CTaHAapTHOMY BHJy TMpU TMPUMEHEHHUH TOJIBKO 3apaHee OmpeleTIeHHBIX
«OMPENENSIONINX)» COOTHOIIEHUWH. ABTOpaMM OH HE pa3 OblUT yCHENIHO TMPUMEHEH MpHU
KOMOMHATOPHOM OMHMCAaHUU HEKOTOPBIX KIIACCOB JIMHEUHBIX TpyIil. Y3 3TUX Hccieq0BaHUi HETPYIHO
3aMETUTh TPUTOMHOCTh YKAa3aHHOTO METOoJa IPH PEIICHUH IOJOOHBIX BOIPOCOB W IS JIPYTHX
KJIaccoB (He 00s3aTenbHO JMHEWHBbIX) Tpymi. B aToil paboTte mpennaraercs pemieHHe BOIPOca O
BBISIBJICHUH TIOPOXIAIOIINX U OMPEENISIIOIINX COOTHOIIEHUH U 3HAKOTIEPEMEHHON Tpymnmbsl An,
n>3, OCHOBaHHOE Ha IMPUMEHEHUU OTMEYEHHOTO MeTo/ia TpaHcpopmaruu OykB. [Ipu qokazarenscTBe
OCHOBHOTO pe3yJIbTaTra padOoThI CYIIECTBEHHOE 3HAYCHUE NMEET TeOpeEMa O CTaHJAPTHOM CTPOCHUH,
TJ1acsIIast, YTO BCIKHI JIEMEHT TPYIIITBI AN MOXHO MPEJICTABUTD, TPUYEM €MHCTBEHHBIM CITOCOOOM,
B CTaHJApTHOM BHJE. YIOMSHYTOE >X€ MPUBEICHHE CJOB IMOpOXIaromiero An andaBuTa K UX
CTaHAapTHBIM (opmaM (TpU MOMOIIU OMPEAENAIOMIUX COOTHOIICHUH 1—7) OCYIIECTBISIETCS C
OTOpOM Ha Tak Ha3bIBaeMyI0 TpaHcopMalroHHyI0 Teopemy. CyTh ITOH TEOpEMBI COCTOWUT B
ynaneHnu OyKB X U3 BeipakeHud Buaa f i X. B kauecTBe MOPOXKIAIONIMX TPy An 3JIEMECHTOB HAMH
B3ATHl €€ CaMble MPOCTEHIINE BJIEMEHThl — TpPOWHbIE LUKIBI. JloKa3arenbCTBa OCHOBHOM U
BCIIOMOTaTeIbHBIX TEOPEM MTPOBOAATCS KOMOMHATOPHBIMU PACCYKACHUSIMH.

Abstract. The representation of groups through their generating elements and defining relations

is one of the main issues in the combinatorial theory of groups. In this area, much progress has been
made and various methods have been developed. One such method is the transformation of letters.
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This method involves transforming any word in a chosen (generating) alphabet into its standard form
by applying predefined defining relations. The authors have successfully applied this method to the
combinatorial description of certain classes of linear groups. From these studies, it is easy to see that
this method can also be used to solve similar problems for other classes of groups (not necessarily
linear). In this paper, we use this method to solve the problem of finding the generating elements and
defining relations for the alternating group An, n > 3. The reduction of the words of the generating
An alphabet to their standard forms (using the defining relations 1-7) is based on the so-called
transformation theorem. The essence of this theorem is the removal of the letters x from expressions
of the form f 1 x. As the generating elements for the group An, we have taken the simplest of its
elements: triple cycles. The proofs of the main and auxiliary theorems are carried out by combinatorial
reasoning.

Knrouesvie cnosa: 3HaAKOIIEpEMEHHAas  IpyIila, IOPpUBCACHHBIC  IHKIJIBI, IIOABHXKHOEC
IIOAMHOXECTBO, IIOJACTAHOBKHU, CTAHAAPTHBLIC (I)OpMLI, TpaHC(bOpMaI_[I/IOHHBIe Hp606p330BaHI/I$I.

Keywords: sign-variable group, reduced cycles, mobile subset, substitutions, standard forms,
transformational transformations.

[IpencraBinenue rpynmnsl ¢ MO3UIMM  OOpa3yrOIIMX U COOTHOIIEHWH SBISETCS OAHUM U3
3 PEeKTUBHBIX CHOCOO0OB WX W3ydeHHs. B yka3aHHOM HaIllpaBICHHUH Ha CETOJHS MMEETCS YKe
OoJIbLIIOE KOJMYECTBO MCCIEAOBAaHMM M MeTonoB. OJHUM M3 TaKuX HMHCTPYMEHTOB SIBIISETCS
KOMOMHATOPHBIM MeTon TpaHcdopmaruu OykB. CyTh 3TOr0 anmapara COCTOMT U3 peoOpa3oBaHus
CJIOB BbIOPaHHOIO MOPOXKIAIOIIETO aji(aBUTa K UX CTaHJAPTHBIM (Qopmam, NMPUMEHSS IPU STOM
HalJEHHOE MPEABAPUTEIIBHO «ONPEACIISAIONINE) CEPUN COOTHOLIEHUM. MeToa 3TOT nepBOHaYaibHO
ObUI 3aJlyMaH KaK MHCTPYMEHT JUIsl ONMUCAHMsS C KOMOWMHATOPHOW IMO3UIMM HEKOTOPBIX KJIACCOB
TUHEeWHBIX Tpynn. OH OblI YCHEIIHO NPUMEHEH, HallpuMep, NMpH IMOJyYeHUU pe3ylbTa U €ro
cofiepaHue oAPOOHO pa3zbsICHEHO TaM ke. Kak XopoI1110 BUTHO 13 3TOT0 ONUCAHUS, OH TOUHO TaKUM
&Ke 00pa3oM MOXKET ObITh MPUMEHEH U K JPYT'UM KilaccaM (He 00s13aTesIbHO JIMHEWHBIX) TPYIII, €CIH
TOJIBKO MO/IBEPTHYTh MX Ha3BAaHHOMY METOY HaJuiexaium oopaszom [1].

OnHy U3 KJIACCUYECKUX CEPUM IPYII COCTABISAIOT CHMMETPUYECKUE TPYIIBI Sy M pa3IndHbIE
UX KJIACCHUYECKHE MOATPYIIbl. 3HaY€HHE 3TUX TPYMNI B anredpe KoloccaabHO M MHTEPEC K HUM
coxpaHsieTcs o ced ieHb. B 7Tol paboTe Mbl 1aJuM KOMOMHATOPHOE ONMCAHUE 3HAKOIIEPEMEHHOMN

rpynmesl A, CcTeneHu nz3, OCHOBaHHOE€ Ha MPUMEHEHHH YIOMSHYTOTO TOJIBKO YTO  METO/Aa
Tpanchopmaruu OykB. OTMeTHM, 4YTO Trpynma S, U BCIKHE €€ MOATPYIIBI C Pa3TUYHBIX
KOMOMHATOPHBIX MO3UIMI ObUIN PACCMOTPEHBI MHOTHMHU aBTOPaMH U JI0 3TOro [2-6].

Meton B paboTe HCIONB3YyeT CTaHAapTHble (Gopmbl ieMeHToB rpymnmbl An. Ilycts I, =
{1,2,...,n} u nns1 a € A, I(a@) = {t € I;: ta # t}o3HayaeT MOABMKHOE MOAMHOKECTBO B I, 3TOM
MOJICTAHOBKH &. M3 3TOTO comaiieHus BUIHO, YTO MOACTAaHOBKH U3 A, B paboTe OyayT 1eHCTBOBATh
Ha CUMBOJBI W3 [, cmpaBa. SICHO, 4TO 31eCh Ui €IMHUYHOW MOACTaHOBKH « = e [(a) = Q.
[TokaxkeM, 4TO I BCEX HECAUHUIHBIX € # @ € A, UMEIOT MECTO HEPaBEHCTBA

|I(a)] = 3. (>)

JIeliCTBUTENLHO, KaK BUIHO M3 UMILTHKALWK ta # t — (ta)a # ta — ta € [(a), MHOKECTBO
I(a) BMecTe ¢ KaXIBIM CBOMM JJIEMEHTOM t COACPXKHUT Takke ero oopas ta. Takum oOpazom,
MHOeCTBO I (@) COMEPKUT HE MeHee JBYX 37eMeHTOB. OHO COCTOSTH TOJBKO M3 JIBYX JJIEMEHTOB
TaKKe€ HE MOXKET, MOO B NMPOTHBHOM ClIydae 3Ta ( IEPECTABISAS TOJBKO IBa JJEeMeHTa t H ta,
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CKa3aJoch OBl TIOJICTAHOBKOW HEUYETHOH, YTO MPOTUBOPEYUT C a € A,. Takum oOpazom, s
HEEJMHUYHBIX & U3 A, HepaBeHCTBa (=) IeUCTBATEILHO OYIyT UMETh MECTO.
OueBUAHO, BCAKUI HECTUHUYHBIN TPOMHOW IIMKJI & MOKHO MPEJICTaBUTh B BUJIE:

a=(ipq), i<pq, (1)

pUYeM eTUHCTBEHHBIM 00pa3oM. [IpencraBnenue (i) Mbl yCIOBUMCS Ha3bIBaTh IPUBEICHHOM
(bOpMOii TOICTAHOBKH @, @ CUMBOJI K€ [ —ee BeAyIuM 31eMeHToM. Jlanee, mist HomepoB i, 1 < i <
n — 2, GOpMBI CTYIIEHH { MBI B 3TOH paboTe onpenenum Tudo Kak f; = e, 1100 ke KaK IpUBEACHHBIC
mikiel f; = (ipq). B kadectBe ke craHmapTHBHIX (HOpM 37IEMEHTOB U3 A, 37eCh MBI OOBSBISLAIM
BCEBO3MOXKHbIE KOMOMHAIIMH BUJIA

fr—2:-fof1- (sf)

CrangapTHOE CTpOEHHE B IpymIe A, OIHCHIBAETCA CIEAYIOIIM 00pa3oM.

Teopema 1. Besikast OJICTaHOBKA A3 A, MIPENCTABISAETCS B CTAaHAAPTHOM BUJe (Sf), mpruem
TaKOE MPEJICTaBICHUE /ISl €AMHUYHON OACTAaHOBKU & = e OYyJeT €IUHCTBCHHBIM.

Hoxazamenvcmeo. Cywecmeoganue pasnodxcenus. Jns €IUHUYHON « = e OYECBHIHBIM

00pa3oM MOXKHO MOJOXHUTh fn_, =...= f, = f; = e. IlosToMy Bciogy nanee OylneM CUHMTaTh
HeennHNYHONW. CHavYana moKakeM, 4To 3Ty & MOXHO IPEACTAaBUTh B BUJIE IPOU3BEICHHUS:
— i *
a = (p **)...(q **) (i +*) *)

KOHEYHOT'O YHCJIa KaKMX-TO NMPHUBEACHHBIX IUKJIOB C BEIYIIMMH dJIEMEHTBIMUA P >...> q > i.
VYcraHoBUM 3TOT (DakT UCIIONB3Yst HHYKIuKo 1o yuciy |[(a)|. Ecou |I(a)| = 3, To @ 6ymeT mpocto
TPOHHBIM LUKJIOM M BBIBOJAS Ha MEPBOE MECTO HAWMEHBIIUH W3 TEPEeIBUTAIOIIUXCS CHUMBOJIOB I,
31eck Mbl OyzieM umeth o = (ikr), i < k,r, T.e. pasnoxenue (*) (C OHUM YUCIOM COMHOXKUTEJIEH )
UMEET MECTO.

[Tycts Teneps |[(a)| > 3u i —Haumenbnit Homep u3 I (@). B3siB (mpou3BoibHBIM 00pazom!)
snement r m3 pasnoctd [(a)\{i,k}, rme k =ia, cocraBum mnpoussenenue a(ikr)~! = p.
OueBuHO, 37ech f octaBisieT cuMBoI i HermoaBmwxkHO, T.€. [(B) S I(a)\{i}. A 310 03HauaeT, 4TO
[I(B)| < |I(a)], cnemoBaTenbHO, O MPEITONIOKEHHIO HHAYKIIUK MOACTAaHOBKA [ OYAeT M0MyCKaTh
paznoxenue f = (p **)...(q **), TAe BCe COMHOXKHTEIN — NPUBEICHHBIE W IS HHUX P >...> (.
[ToncraBnsisi Temeps BMecTO 5 (B €€ BBEIEHHH) ITO PA3IOKEHUE, MBI TEM CaMBbIM IPHXOIUM K
TpeOyeMoMy MpecTaBiIeHuIo ().

Eouncmeennocms 02 e. JlomycraM, 9T0 KpOMe TPUBHAIIBHOTO é...ee = e CYIIECTBYET IS €
elle OJHO pa3JIoXKeHHUE:

€ =0gn-2---9291- @)

Ho tak mMoxer ObITb, O4E€BUIHO, TOJBKO TOrna, korna g; = (ikr) #eun gi_ 1 =...= g, = e
IIPU HEKOTOPOM I. A TIOCTIeTHEE IMETh MECTO HE MOXET, ITOCKOJIBbKY IpaBast 4acTh B (=) MEPEBOIAUT
CHMBOJI [ B K B TO BpeMsl, KOrja jeBas yacTb — HeT. [loyyeHHOe MpoTHBOpeure MOKa3bIBaeT Ha
MPAaBUILHOCTH U BTOPOTO YTBEPIKACHUS TEOPEMBI U, TEM CaMbIM, HaIlle JOKAa3aTeIbCTBO 3aBEPIICHO.
3ameuanue. UTo xacaeTcs eAMHCTBEHHOCTH pa3noxeHus (*) B obmeM Bume (T.€. 1ist T000H
MOJICTAHOBKHU & U3 A,), TO OHa UMEET MECTO NpU N = 3 04eBUIHBIM oOpazom. [Ipu xe n > 3, BBUIY

MPOU3BOJIBHOCTH BbIOOpa KommoneHTs! 1 u3 [ () \{i, k}, Takast e TMHHCTBEHHOCTH ISl BCEX & yKe
HE UMEET MECTO.

[Mopoxmaemocts rpynmsl A, TpoiabiMu nukiamu (iKj), i,k,j € I, Obuta u3BecTHa erie
3amonro g0 »toro [8]. [lokazanHas ke Teopema | He TOIBKO 0000IIaeT ATOT (akT, OHA 37eCh
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WCTIONB3YeTCs U IS IPYTUX HalMX 1enei. Huke mis npencraBineHus rpynisl 4, n30epeM HMEHHO
3TOT (€CTECTBEHHBIN ) MOPOKTAOITNIN an(aBUT:

(rsh),r,s,1 €1, (2

(3mech 1, s, I — nonapHo paznuunsl). B andasute (g) IMEIOT MECTO CIIEAYIOIINE COOTHOIICHHUS
rpynnsl A,
. (rsl) = (ipq), rtme i= min{r,s,1}
.(ipg)? = (igp), i<p,q;
.(ipg)*=e, i<p,q;
. (rp@)(ips) = (spq)(isp), q #s;
. (ipq)(iks) = (qks)(ipq), {p.q} N {k s} = &;
. (ipq)(pgs) = (gsp)(ips), s #i;
. (ipg)(krs) = (krs)(ipq), i<p,g k<rs; {pgtn{krs}=0a.
[TpaBUIBHOCTh  3THX  COOTHOINIECHHHA MOXET OBbITh MPOBEPEHA  HEMOCPEICTBEHHO.
OcraHaBiauBaThCs Ha 3TOM He OyaeM. CyTh HaIlIero MeTo/1a, KaK y)Ke YIOMSHYJIOChH BBIIIE, COCTOUT
13 npeoOpazoBanus cioB andasuTa (g) K UX CTAHIAPTHBEIM GopMam (He BAXKHO KaKuM! ), UCITONIBb3YS

IIPH ATOM COOTHOIICHMs TOJIbKO M3 1-7. BBomuMm criepBa it HomepoB i, 1 < i <n — 2, u cjoB

l l
aJ'I(baBI/ITa (g) w,v 6I/IHapHBIe OTHOLICHUA —, IIOJIOKHMB W — V TOraa U TOJIbKO TOraa, Kkoraga OHu

cBsi3aHbl cooTHommeHueM W = XV, rae X — imbo mycToe CIIOBO, JMOO K€ HEKOTOpPOE CIIOBO,
cocrosiiee ToIbKo u3 OykB (pqr), Ms KOTOPBIX P, q,T > i. BBeJICHHBIC OTHOIICHUS OYEBUIHBIM
o0pazom SBJISIFOTCS peICKCUBHBIMM M TPaH3UTUBHbIMH. Hamm nanpHeiinmme paccyxaeHus
OCHOBBIBAIOTCSI Ha CIICAYIOUIYIO TEOPEMY.

Teopema 2 (o Tpancdopmaruu 0ykB). [Iycts f; —HexkoTopas popma crynenu i, x = (krs) —
TPOWHOHN IMKJI ¢ HOoMepamu k,r,s = i. Torna npumeHsiss COOTHOIIEHUS 1-7, MOXKHO BBIMOJHUTH

[a—

NN ON DR W

npeobpasosanue V = fix N Ji, TIIE g; —TaKXke HeKoTopas popMma CTYIEHH L.

Hoxazamenvcmeo. Huke Halu pacCyKI€HHs HUCIOIB3YIOT CIEAYIONIME MHOXeCTBA A =
{p,q}, B={r,s} u C ={k,r, s} Eciu 310 HEOOXOANMO, TO IPUMEHSASA COOTHOIIECHHS | OYKBY
X MBI BCET/Ia MOYKEM CUMTATh HAXOSIIENCS B €€ IPUBENEHHOI popMe. Jlaniee, HIKe pagyu KPATKOCTH
U3JI0KEHHS 1107 3amuchio W = V cornamraemcs moHMMmarh TpeoOpaszoBaHue cioBa W ok V,

MOJIYUYCHHOC IPUMEHCHUCM COOTHOILICHH A C HOMCPOM t. I[OKaSaTeJ'ILCTBO SABIIACTCA KOM6I/IH8.T0pHBIM
W IIPpOBOJAUTCA B ABA 3Talla.

Oran /. k = i. B aToM ciny4ae paccmarpuBaemoe cioBo umeeT Bua V = f;(irs) Ecnu 3nech

fi = e, T0 (BBUIY PePIECKCUBHOCTH —l>) OyneMm umets cpasy V = e(irs) = (irs) SN (irs) = g;

[Toaromy Bcroy manee Oymem cuntath, uto f; = (ipq) # e. [Ipu HeoOxoqMMOCTH IpUMEHSIs 1,
OykBy (Kkrs) Takke MOXXHO cUMTaTh NpPUBEAECHHOH. B paccMmarpuBaeMam ciy4ae BO3MOXKHBI
CIIeTyTOIIHE TOCTYYau.

a) A = B (1.e. |A N B| = 2). OueBuano, 31ech umeeM 6o V = (ipq)? = (igp) . (igp) =

1
gi, o e V = (ipq)(iqp) = (iqp)* s e—e =g;

b) A u B mepecekalTcss MO OJHOMY JJIEMEHTy. JTOT MOJCIydYaid JaeT HaM CJeIyIOIIue
i
pesymbrater: V = (ipq) (ips) = (spq)(isp) — (isp) = gi;
V = (ipg)(irp) = [(ipa)(ipr)](ipr) = (rpa)(irp) (ipr) = (rpq)(irp)° = (rpq)e =

(tpg) —e = g; V= (ipa)(igs) = (aip)(ias) 7 (aip)(isa)” = [(aip)(qis)](isq) =
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(sip)(asi)(isq) = (ips)(ias) (isq) = (ips)(isq)” = (ips)e = (ips) > (ips) = g

Hcronb3ys mOCienoBarelibHO TOIBKO 4TO BhiBeAcHHBIC (U3 1-4) cootHomenus  (ipq)(irp)
(rpq) u (ipq)(igs) = (ips), ~ umeem  rawke V= (ipq)(ikq) = (ipq)[(ikp)(ipk)](ikq)

[(ipa) (kp)] [(ipk) (ika)] = (kpa) (ipa) — (ipa) = g _
¢) A N B = @.3aecs Mbl uMeeM npeodpazoBanus V = (ipq)(irs) = (krs)(ipq) SN (ipq)
8i-

Oran II. k > i. 3necwk paccmarpuBaemoe cioBo npumet Bua V = f;(krs). Ilpu f; = e u 3nech

L
Mbel uMeeM V = e(krs) — e = g;, T.e. kK TpeOyeMoMy BUIY NPHUXOAUM TPUBHAILHBIM OOpPa30OM.
Cuuras f; # e, nanee Mbl OCTAHOBHMCS Ha OCTaBINUXCS (BO3MOXKHBIX) ciiydasix. Pazbepem cHagaa

ciy4aid, korna A u C nepecekaroTcs Mo JByM sneMeHTam (T.e. A € C).
a) A={k,r}. Ecin 371eCh p=kuq=r, TO uMeeM |4

3 3 i 3
(ip@)pgs) = (gsp)(igs) — (igs) = g
Ecru  xe p=r1r, q=k T K TpeOyemoMy BuAy @pUXOAUM Kak V

(ip)qps) = (P Psq) = [(pai) (pas)(pas) = (sqi)(psq)(pas) 5 (sqi)(psq)® = (sqi)e =

. l .
(isq) — (isq) = gi-
b) A={k,s}. Ecom mnupu »>roM p =k, q=5s, T0O wumeem mpeobpazoBanus V
(ip)(Prq) = (pa)(rqp) 5 (Pa)(rP9)* = [(Pa) (PaM](rre) =
- - - i .
(rqd)(pra)(pqr) = (irq)(prq)® = (irg)e — (irq) = gs.
IIpn p=sq=k Tpebyemyto bopmy [I0JTy4aeM TaKk |4
i
(ip@)qrp) = (ipg)(pqr) = (qrp)(iqr) — (iqr) = g
¢c) A={r,s}. Eciu 3mece p =71, q =S, TO MOXHO BBIOJHUTH HpeobpasoBanus V
. . . i .
(ipq)(kpq) = (ipq)(pak) = (qkp)(igk) — (igk) = g:.
Ecou xe p=s, q=r, 710 ™Mb umeeM V = (ipq)(kqp) = (ipq) (kpq)?
(irq) (kpq) (kpq) = [(ipa) (pak)](kpq) = (akp)(iqk)(kpq) = (gkp)(igk)(akp)] =
i
(qkp) (kpq O (ikp) — (ikp) = g:.
[Mepexomum Tenepp k ciydasm, korna A u C mepecekaroTcs 1o OHOMY dJeMeHTy. Pazdepem

CHayasa ciy4aii, korma A N C = {p}.
a) Ecmu k = p, To MBI IMeeM TipeoOpa3oBaHHUs

V = (ipq)(prs) = (pqd)(prs) = (irs)(pqi) = (irs)(ipq) < (spq)(irs) 5 (irs) = gs.
b) Ecm e r = p, To TpedyeMyto popmMy MBI TOJTydaeM TaK '

V= (ipq)(rps) = (pqi)(psr) T (isr)(pqi) = (isr)(ipq) = (rpq)(isr) — (is7) = gs
c) [Ipu s = p MBI UMeeM

V = (ipq)(krp) = (pqi)(pkr) = (ikr)(pqi) = (ikr)(ipq) = (rpq)(ikr) > (k) = gi
[Mepexomaum Tereps Kk ciydaio A N C = {q}.
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a) Ecomznecb k = q, 0V =
i
(ira)(grs) = (qip)(qrs) < (prs)(qip) = (prs)(ipq) — (ipq) = gi-
b) Ecm ke r = @, TO MBI UMEEeM
V = (ipq)(kqs) = (qip)(qsk) = (psk)(qip)
c) [Ipu s = g aHanoru4HBEIM 0OPA30M MOTyYaAEM
i
V = (ipq)(krq) = (qip)(qkr) = (pkr)(qip) = (pkr)(ipq) — (ipq) = g:.

Ham ocranocek pa3zobparh ciyuaii, korna AN C = @. 3mech Mbl IPUMEHSSI COOTHOIICHUS
MIEPECTAaHOBOYHOCTH 7, Tpebyemyto (hopMy MoTydaem Tak

(psk) (ipq) — (ipq) = gs.

L
V = (ipq)(krs) = (krs)(ipq) — (ipq) = gi- _

Takum o00pa3omM, BO BCeX HMEIOMIUXCA CiIydasx npeoOpazoBanue V = fix s gi
JEeWCTBUTENFHO BBIMOIHACTCS, U TEM CAMOM, TeopeMa 2 J0Ka3aHa IMOJIHOCTBIO.

Teneps y Hac Bce TOTOBO, YTOOBI CHOPMYITHPOBATH INIABHOE YTBEPIKJACHUE HAIICH PaOOTHI.

Teopema 3. (0 KOMOMHATOPHOM OMMCAHUU TPYMIBI Ay). 3HanonepeMeHHas rpymnmna A,, n = 3,
B MOPOXKIAIOMHNX (g) MPEACTaBIsSETCS COOTHOMECHUSIMH 1-7.

Jokazamenvbcmeo 3TON TEOPEMBI TAK)KE TIPOBOJUTCS B JIBa ATaIla.

Ortan /. 31ech MOKakeM MPUBOJUMOCTH BCAKOTO HemycrToro cioBa W andasura (g) k oxHOM
u3 ero crangaptHeix Gopm S(W), mpumeHsiss Mpu 3TOM TOJBKO cooTHomieHus 1-7. He Tepss
OOIIHOCTH 3TO CJIOBO MOKHO CUMTATh MPEICTABICHHBIM B BHJIE:

W £, X)

rae f; —Hekotopas gopma ctynenu 1 u X —coorBercBytolee el fononHenue. [lycts X = xY,
T.€. X —mepBas Oyksa fgononHenus X . [Ipumensist x cteiky V = f; x TpaHc(hopMannoHHYIO TeopeMy 2

1 1
(T.e. mpu momomu cooTHomeHuit 1-7), mpr mmeem W — (fix)Y — g,Y, Te. ero (BBUAY

1
TPaH3UTUBHOCTH ——) MOXKHO MPEACTaBUTh B TOM ke Bue (X):

w—>fy, ()

HO Y€ C YIOpOUYeHHOM! JUTMHOM nononHenus. OueBuaHo, B 3anucu (V) f; —yxe apyras popma
cryneHu 1. IToBTOpss onMcaHHBIN NPOLECC COKPAILECHUS TONOJHEHUH, MBI 4e€pe3 KOHEYHOE YHUCIIO
[IaroB ITPUXOJIUM K 3aIIMCH BUJA!

W—f,. (@)

1
Ho mmocneguee cornacHo ONIPCOACICHUIO OTHOMICHUA — O3HA4YacT PaBCHCTBO

W =Zf, (2)

rae f; — (mo-mpexxHeMy) HekoTopas gopma cTyreHu 1, a Z e —Kakoe-TO CJIOBO aii(haBHTa
(g), cocrosimee TonbKko W3 HUKIOB (rsk), mis koTtopwix 7,S,k = 2. Tenepb MBI aHAJTOTHYHBIM
obOpa3oM Beiielss U3 Z dopmy f, (ctenenu 2), mis ciioBa W Oymem mMmeTsh mpencrarienne W =
Tf,f1, tne T —HeKoTOpOE CI0BO, 0OpPa30BAHHOE TOIHKO M3 IUKIIOB (7'SK) C KOMIIOHEHTAMHU T, S, 1 =
3, u T.1. OnMcaHHbIH poriece BRITATHBaHUH hopM f; Ha (n — 2) mIare NpUBOIUT HAC K Pa3I0KEHUIO

W =Rfy ... fofr.
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[TockoIbKY B ITOCIIETHEH 3aITUCH JOTIOJIHEHUE R He CMOXKET COiepKaTh TPOHHBIE TUKIIBI (7'Sk),
st kotopeix min{r, s, k} < n — 2, oHo 00s13aHO OBITH MyCTHIM. TakuM 00pa3oM, JIEHCTBHTEIBLHO
MPUIILIM K OJJHOMY M3 CTAaHJAPTHBIX pa3jiokeHui paccmarpuBaemoro cioBa S(W) = f,,_o... f>f1-

Oran II. Ilycts Teneps W = e —ipou3BOIBHOE COOTHOIIEHUE Tpynibl A, (B andasute (g),
pasymMeercs, ¢ HEIyCToH JieBoil yacThio). [Ipumenss k cioBy W pesynbTar yCTaHOBIEHHOTO TOJIHKO
910 3Tana [, 3aMeHnM 3aJJaHHOE COOTHOIIIEHHUE C €r0 “CTaHAapTHON GOpMOiif,, _»... fof1 = e.

Ho cormacHo Teopeme 1 mocienHee paBeHCTBO BOZMOXHO TOJIBKO TOT/IA, KOT/Ia Bce GOPMBI f; —
eMHUYHBIC. A 3TO YK€ 03Ha4YaeT, uTo (3a/laHHOE) COOTHOIIeHHe W = eecTh ciiefcTBUe OT cepuit 1-
7. Teopema 3 moka3aHa B IOJTHOM oO0beMe. B 3akimroueHne orMeTum, 4To Ipu 1 = 3 cepuu 4-7, a mpu
n=4 cepun 5,7, mpu xe n=>5 cepus 7 SABIAIOTCA HEAJACKBAaTHBIMU (T.6. OHM TaM HeE
yKIaabIBatOTCs). [103TOMY MpU yKa3aHHBIX 3HAYEHUSIX N UX U3 (HOPMYTUPOBKH TEOPEMBI CICIyeT
CUUTATh OIMYIIEHHBIMH.

Bwvi6oo

[TpoaeMOHCTpUPOBAHHBIA METOJI TPAaHC(HOPMAIIMH MOXKET ObITh MPUMEHEH M K Py APYTUX

(He 00s13aTeNbHO IMHEHHBIX ) TPYII MPU UX KOMOMHATOPHOM OIKCAHUU.
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OB OJJHOM KJIACCE HEJIMHEMHBIX NUHTEI' PAJIHBIX YPABHEHHUI
BOJIBTEPPA-CTHJITBECA TPETBEI'O POJA

©Beoenosa H. C., ORCID: 0000-0002-4248-4563, SPIN-xo00: 1451-1901, kano. ¢uz.-mam. nayx,
Ouwickuii eocyoapcmeennviil ynusepcumem, 2. Owt, Kvipeviscman, kireshe78@gmail.com

ON A CLASS OF NONLINEAR VOLTERRA-STIELTJES
INTEGRAL EQUATIONS OF THE THIRD KIND

©Bedelova N., ORCID: 0000-0002-4248-4563, SPIN-code: 1451-1901,
Ph.D., Osh State University, Osh, Kyrgyzstan, kireshe78@gmail.com

Annomayusn. PaccMOTpeHO HenuMHEHHOe HWHTerpajbHOoe ypaBHeHue Bombreppa-Cruiitbeca
TPETHEro PoJia HaA KOHEYHOM OTpe3Ke. J{Jist perieHust 3Toro ypaBHEHHS TOCTPOCH PETYSAPU3UPYOIITUI
oreparop W J0KazaHa TeopeMa eIMHCTBEHHOCTH. [Ipu uccnenoBaHMM TPUMEHSIOTCS MOHSATHS
MIPOM3BOAHOM IO Bo3pacTaromlel (GyHKIUN, METOl peryaspuzanuu no M. M. JIaBpeHTheBY, METOABI
(YHKIIMOHATBHOTO aHaJIM3a, METO/IBI TPEOOpa30BaHusl YPABHCHHI, a TAK)KE METOIBl MHTErPAThHBIX
n jguddepeHnnanbHEIX  ypaBHeHUH. [Ipe/uiokeHHbIE METOIbl MOXKHO —HWCIOJNB30BaTh  JUIs
UCCIIEIOBAHUSI HUHTETPAIBbHBIX M UHTErpo-auddepeHnnanbHbiX ypaBHeHH THma Bonbreppa-
Cruntbeca BRICOKHX TOPSAKOB, a TAKXKE MPU KAYECTBEHHOM HCCIIEI0BAHUN HEKOTOPBIX MPUKIIATHBIX
IMpoLecCCOB B obnacTu (1)I/ISI/IKI/I, OKOJIOIMr, MCANLUHBL U TCOPUHU YITPABJICHUA CIIO)KHBIMU CUCTCMAaMMU.
OHHM MOTYT OBITh HCIIOJIb30BaHbl IPU JAJIbHEHUIIEM Pa3BUTUN TEOPUHM MHTETPAJIbHBIX YPaBHEHUH B
KJIaccaX HEKOPPEKTHBIX 3aJa4 U I YHCICHHOTO PEelIeHHs] MHTErpalbHbIX ypaBHeHUW Bonbreppa-
Cruntbeca TPEeTbEro pojia, a TAKKe MPU PEIIeHUH KOHKPETHBIX MPUKIIAJAHBIX 3a7a4, CBOJSIIMXCS K
YpaBHEHUSIM TPETHETO Poja.

Abstract. This article considers the nonlinear integral Volterra-Stieltjes equation of the third
kind on a finite interval. To solve this equation, a regularizing operator is constructed and a uniqueness
theorem is proven. The research uses the concept of a derivative with respect to an increasing
function, the method of regularization according to M. M. Lavrent'ev in functional analysis, methods
of transformation of equations, and methods of integral and differential equations. The proposed
methods can be used to study integral and integro-differential equations of the Volterra-Stieltjes type
of higher orders, as well as in the qualitative study of some applied processes in the fields of physics,
ecology, medicine, and the theory of control of complex systems. They can be used in the further
development of the theory of integral equations in classes of ill-posed problems, in the numerical
solution of Volterra-Stieltjes integral equations of the third kind, and when solving specific applied
problems that lead to equations of the third kind.

Knrouesvie cnosea: perynspuzanusi, pPEUICHUs, HEIMHEHHBIE WHTEIPAJBHBIE YPaBHEHUS
Bonsreppa-Cruntbeca, TpeTuii poa.

Keywords: regularization, solutions, nonlinear Volterra-Stieltjes integral equations, third kind.

B O6IJ_ICM CJIydac MHTCTPAJIbHBIC YPABHCHUA BOHLTCppa—CTI/IJITBCCEl HEC BCCraa CBOAATCA K
HHTCTpaJIbHBIM YpPAaBHCHUAM BOJ'ILTCppa, TaK KaK HHTCrpall Crunrtbeeca He BCCraa CBOIUTCA K
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uHTerpaty Pumana wnmu waTerpanmy JleGera. I[losToMy u3ydeHHME WHTErpajbHBIX YpaBHEHUN
Bonbreppa—CruiiTheca nmpeacTaBisieT CaMOCTOSTENIbHBIN HHTEPEC.

Mamepuan u memoowvl ucciedosanus
B pabore wucnomp3yrorcs wmetox peryimspuzanud o M. M. JlaBpeHTheBY, METOIbI
(GYHKIIMOHAJIBHOTO aHaliu3a, METOJbl MpeoOpa3oBaHUs YpPaBHEHUU, METOIbl HHTETPAIbHBIX U
muddepeHnnanbHbIX  ypaBHeHUH. llomydena onTumanbHash OIEHKAa NPUOIMKEHHOTO PpEIICHUS
HEJIMHEWHBIX HHTETpaJIbHBIX ypaBHEHUH Bonbreppa—Crunreeca TpeTbero poaa.
OnHOBpPEMEHHO PacCMaTPHUBAIOTCS CIIEAYIOIINE HETUHEHHbBIE HHTETPaIbHbIE YPABHEHUS :

m(t)v(t) +J. K(t,s,v(s)dep(s) =f(t) , te][ty,T], T>t, )

[e + m()]I(t, €) +f K(t,s,9(s,€))dp(s) = f(t) + €9(ty), tE]t,T] @

0

I'me m(t), K(t, s, v) u f(t) — wm3BectHsle ¢ynkuu, m(t0) = 0, m(t) — HeyObIBaroIIas
HenpepbiBHas (ynkmus Ha [t0, T], v(t) u 9(t, €) — uckomeie ¢ynkuuu, ¢p(t) — Bo3pacTaromas
u3BeCTHas HenpepbiBHAs GyHkuus Ha [t0, T]. € > 0 — manblii mapamertp, (t,s) € G={(t,s) : t0 < s
St T}.

Pa3nnuHble BONPOCH! 1151 UHTErPaJbHBIX YPABHEHUN IIEPBOTO U TPETHETO POJa UCCIIEI0BaHbI B
paboTax MHOTMX aBTOpOB. B wacTHOCTH, WCCIeIOBaHBI JHHEHHBIE HHTETPAIbHBIC YPaBHEHUS
BTOPOI'O pojla U UX CHUCTEMbl Ha KOHEYHBIX M OECKOHEUHBIX MHTEpBajax. 3/€Ch BCE MHTErpajbl
MoHMUMaroTcs B cmbiciie Ctuitbeca [1].

Jlan 0030p pe3ysIbTaToOB 0 UHTETPAJIbHBIM YpaBHEHUSAM Bonbreppa Broporo poaa [2].

JInst TMHEVHBIX UHTErPaJIbHBIX YPaBHEHNH BoibTeppa nepBoro u TpeTbero poioB € MIAJKUMHU
AIpaMH JOKa3aHO CYIIECTBOBAaHNE MHOIONIapaMeTPUUECKOT0 CEMENCTBA pelIeHH [3].

Ho ocHoBononararomue pesynsTaTsl Uil MHTErpaibHbIX ypaBHeHU Dpearoabma mepBoro
pojia MOJIy4eHbI U Ui PELIeHUs JIMHEHHBIX UHTErpajibHbIX ypaBHEHUH PpearonbMa MepBoro poaa
MOCTPOEHBI peryisipusnpyomme onepatops! no M. M. JIaBpenTreBy [4].

HccnenoBanbl ypaBHeHUs Bosibreppa nepBoro poaa u ooparHsle 3a1a4u |5, 6].

Jloka3aHbl TEOPEMBI €MUHCTBEHHOCTH M ITOCTPOEHBI PETYIISPU3UPYIOIINE orieparopsl o M. M.
JlaBpeHTBEBY /JIs1 CUCTEM JIMHEMHBIX U HEJIMHEWHBIX MHTETPAIbHBIX YpaBHEHMI Bonbreppa nepsoro
poJa ¢ HeraIKUMH MaTpUYHBIMU sipamu [7, 8].

JUid crucTteM HENMHENHBIX MHTETPAJIbHBIX YpaBHEHMHM Bosbreppa TpeTbero poja I0Ka3aHbI
TEOPEMBI €IUHCTBEHHOCTH U MOCTPOEHBI PETyispusupytonye oneparopsl no M. M. JlaBpeHThEBY
[9].

Jlnst cucreM JIMHEMHBIX MHTETPAlIbHBIX ypaBHEHHH Ppearonbma TPETBErO pojia JIOKa3aHBbI
TEOPEMBI €IMHCTBEHHOCTH U MOCTPOEHBI PETyispusupytonye oneparopsl mo M. M. JlaBpeHThEBY
[10].

Ha ocHoBe HOBOro mojxojna HccieIOBaHbl BOIPOCHI CYIIECTBOBAaHHUS U €IUHCTBEHHOCTH
pelieHns i1 CHUCTeM JIMHEHHBIX HHTErpalbHbIX ypaBHeHUH @pearoibMa TpeThEro poja ¢
0COOEHHOCTBIO B OZIHOM TOUKE HAa KOHEYHOM NpomexyTke [11].

N3ydyeH knacc HHTErpajbHbBIX YypaBHEHMM @PpenroibMa TpPEeThEro poja Ha KOHEYHOM
npomexytke [11, 12].

PazpabGoTtan HOBBII yTyUIIEHHBIN MOAXO/] K UCCIEAOBAHUIO CUCTEM JTUHEHHBIX U HETMHEHHBIX
MHTETPaJIbHBIX ypaBHEeHU @DpenroibMa TPEThEro poja ¢ MHOIOTOYEYHBIMH OCOOEHHOCTSMH Ha
KOHEYHOM npomexyTke [11-14].
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Ha ocHoBe moHsATHsI TTpOM3BOAHON (YHKIIMU IO BoO3pacTaromied (YHKIIMH HCCIEeI0BAIUCH
JIMHEWHBIE U HEJIMHEIHbIE MHTErpaibHble ypaBHeHUs Bonpreppa—Cruntbeca mepBoro U BTOPOro
pornos [14, 15].

Jlist perieHust OAHOTO Kjacca JIMHEMHBIX MHTETPaIbHBIX ypaBHeHUU Bonbreppa—Cruntbeca
TPETHETO Po/ia MOCTPOEH peryisipu3npyromuii oneparop no M. M. JIaBpeHTbeBY U JOKa3aHa TeOpemMa
€IUHCTBEHHOCTH [16].

BriOpan mapameTp peryispuzalud I PElIeHUs JIMHEHHOrO0 HWHTErPaJbHOTO YpaBHEHUS
Bonsreppa—Cruiteeca Tperbero poaa [17].

31ech Ui pelleHrs HEIMHEMHOIO UHTETPaIbHOTO yYpaBHeHUs Bonbsreppa—CTriiThbeca TPEThEro
pona (1) moctpoen perynspusupyronuii omnepatop mo M. M. JlaBpeHTheBy, J0Ka3aHa Teopema
enuHCcTBeHHOCTH. [Ipennonaraem, uro K (t, s, V) npeacTaBumMo B BUJE:

K(t,s,v(s)) = Ky(t,s)v(s) + K (¢, s,v(s)) 3)

e (t,5;V) €EG X R, G ={(t,s):ty <s<t<T}
3necsk C[ty, T] — mpocTpaHCTBO BCeX HEMPEPBIBHBIX QYHKIMIAV (L), onpeneneHHbIX Ha [ty, T
Jo®], = max]o®]

C HOPMOH Lelty,T] .

Bbynem o6o3Hauate uepe3 C&/J [to,T], 0 <y <1 nuHeiltHOE MPOCTPAHCTBO BCceX (YHKIUI

v(t), onpeneNeHHbIX Ha [ty, T| 1 yIOBIETBOPSIOMUX YCIOBHUIO:

() = v(s)] < MIp(e) = P()IY,20e () = [ Ko(s, 5)dp(s) +m(t), )

rie M — NoNoKKUTENbHAs TIOCTOSHHAS, 3aBUCSIIast OT U(t), HO HE OT t 1 S.

[1peronoKuM BBITIOJHEHHE CIEAYIONINX YCIOBHI:

a) Ky(t,s) € C(G) Ky(t,t) € Clty, Tl u Ko(t, t) =0, tE [ty T].

0) mpu t>71 mus mobeix (t,s), (1,8) €EG ={(t,s)itg <s<t<T} um mia mMOOBIX
(t,s,v1),(1,5,v1),(t,5,0,),(1,5,U,) €EGXR cnpaBemmuBbl  onenku  |Ky(t,s) — Ko (7,5)| <
LI, Ko(s,8)dep(s) + m(t) —m(D)], Ky (t,5,01) — Ky (T,5,01) — Ky (£,5,0;) +

t
Ky (5,5,0:) < 1,(8) [ [ Ko(s,5)db(s) +m(t) = m(D)] * vy = v e 14 (1), 12(0)
HeoTpuIaTenbubie GyHKImu u3 C[ty, T].
Jlemma 1. [1yCcTb BBINOJIHSAIOTCS YCIIOBUS @) U

() —9(to)] - Kolad) ()

Fo(t,e) = — ey g “tog+m(q)
B ]t Ko(5,9) -5 Barw 90O =) |
to € T m(t) e +m(s)

Torna: ecim 9(t) € C[ty, T] dynxums Y(t) = m(t) + [ t’; Ky (s,s)d¢(s) sBusieTcst cTporo

Bo3pacratomias pyHkuus Ha [t,, T], To Ha cermenTe [ty, T| cnpaBemInBa OlEHKa:

Ifo(t )llc < 419(O)lce*™F + wy(eF), (6)
e B € (0,1),w5(6) = | S_u1|0<6|19(¢_1(x)) —9@TTONL xvelo, Y] P -

obpatHas QyHkums k ¢yHkmuu P(t), t € [ty, T]. Ecm 9(t) € Cg [to, T], 0<y <1, 10

CIIpaBC€AJIMBa OLICHKA:
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Ifo(t, e < M(My + M;)ee”, tne M = B
sup [9(0) =9I/ 1Y) —pSIY, My =supvre™], M,= fo e ?zVdz

t,s€[to,T] v=20

Jloka3aTenbCTBO.
Aty <t<yYieP)o<p<1
s=97tW), t=9 (),
to<s<t<ypYef), <PV <Y <YTHER), Yty =0,
0<v<x<eB, |x—v|<eb.
HManee to <t <yPp (Aot <y i(x) <y (e o<x < b

Torma:
t Ko(t,7)
lfo(t, &) < W@(Sﬁ)e f0£+m(r)d¢( )
t _ (tKo(T,D) K,
Fwg(eh) [ o bemmimee® Kalsi8)
to € T (L) £+ m(s)

_ (t Ko(s9) tKo(T,7)
Wg(sﬁ)e tos+m(s)d¢(s) + WE(Eﬁ)[ fS£+m(r)d¢( )]l gft = WE(EB)

6)yctb Y Y(ef) <t <T o f <y@) <Y(T), m(t)=m(s) muput=s.

Torma
[9(t) — I(to )] t%ffr(;'(?)d¢(r) 2[l9(@®)ll e —gfrnrff()t) D iy Ko (T DA(®)
e+m(t) e+ m(t)
Y(t)
= M Tetm(t) =
e+ m(t)
2l9@®)llce*Pe e E i < 2[9(®)llcee* Psup(ve™) = 2[19 (D)l "

+m(t) V>0

Ornenum BTOpYHO uiieH (5):

j Ko(s,5) -fireasm 90 —9() 46(s)
t, €1 m(t) e +m(s)
ol IO o) - i
0 e+ m(t)
GLIORLTO) PP Jt Ko(s9) - (E5Ba0 el9® — 9] o
e +m(s) w1p(t)-eB) € T m(t) e+ m(s)
<

-1 _ B
209()llce (¥~ @OED ek 4oy Ko (s, s)

¢ lserm@®® 20022 4o
e+m(t) Jy, £ +m(s) ()
_ (tKo(T,7)
Fwg(eh) ¢ berm@m ™
9 e+ m(t)
K, (TT)
s=t 5 M TR sﬁ)sfm(r) ¢ +w=(ef) <
s=p @W©O-25 = 5 m(e) T

2@t~z (¢ ()P
e © O KomDde® — [ Ko(r, D)d¢ ()] + wy(eF) <
-1 _ B .
Mee sTrflt()t)em(w s+($§g - )e s+1:z(t)[fttoKO(T'T)d¢(T)—ft0 - )K (TT)d¢(T)]+W—(£B)
g+m(t)
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2]|9(¢ WO W ()P
WOlce | —rrmpt @@ @~ -
e+ m(t)

B ef

= 219(t 1-f___— o etm(D) —(eB) <

2[l9(®)llcee’ Psup(ve™) + wg(eh) = 2l9()llce"F + wy(eF).

v=0

VYyuuTtsiBas (8), (9), (10) uz (5) umeem oueHky (6).
2) ITyctp 9(t) € CIZ [to, T], 0 <y < 1. Torna oueHum nepBbiii wieH Gopmyisl (5):

e0(®) ~9(t)] -f;folDaow| _ MYV -0 - i wownae (1D
e+m(t) e+ m(t)
P

Mel~YeY P(t)
[ ]

Yee ) Y
rmOl rm) €€ MO = MMee”, tE |t T]

Ouenum BrOpytO uiieH (5):

Jt Ko(s,5) - Ko(T) 457y €[D(E) — I(5)] (12)
t

, €+ m(t) e £ +m(s) dp(s)

t m(t)
< Me f oo T Ky (s, s) .
e+m(t) Jy, e +m(s)
tKo(7,7)

t
e m® ™ m(e) — m(7) + f Ko(z,7) dp(D)]" do(s)

t m(t) | tKo(T,7)
= % f e EFmE hErmm ¢l
& m -

to
m(t) j " Ko(T,7) Ko(s,s)
———+ | ———d¢p(1)]Y ————=d¢p(s
[s+m(t) s £+t m(7) ¢l e +m(s) ()
m(t) |t Ko(z,7)
etm(t) " tos-I(-)m(‘L')dqb(T) —z « —
= MeeY e ?zVdz < Mee¥ | e ?zVdz
m(t) 0
e+m(t)

YuureiBas ouenku (11), (12), uz (5) nomyuum ouenky (7). Jlemma 1 mokazaHa.
Jlemma 2. [IycTh BBINOTHSIOTCS YCIOBHS @) U 0) U

FKo(s9) 1B | (1)

Py(t, T,8) = — ——~ " e ’setm(D)
o(t. 7€) e+m(s)]

[Ko(t,T) — Ko(T,7) + f

T

e+m(t)

T (s D) — Ko(m.D)ldg ()

Torna cripaBeniMBa OLIEHKA
Py(t,t,e) < (1+e)li(r), (t,r)eEG >0 (14)

JlokazarensbCcTBo.
tKo(T,7)

- [Ko(t,7) — Ko(T, T)]e_ffﬁm(r)

e+m(t)

dp()

Herpymno  mokazare  uto Py(t,7,&) = —

Ko(T,7)

1 t Ko(s,s) —ft d¢ (1)
e+m(t) fT s-:m(s) e Tem * [KO (t' T) - KO (S' T)]d¢(s)~

Tun auyenzuu CC: Attribution 4.0 International (CC BY 4.0) 32




Bronnemens nayxu u npaxkmuxu / Bulletin of Science and Practice T. 12. Ne6 2026
https://www.bulletennauki.ru https://doi.org/10.33619/2414-2948/127

_ (tKo(t7)
Orcioma mween  |Py(t,7, &)] < 20 [ [ Ko (7, 1)dp() + m(t) — m(r)]e” rermm ™D 4

_ (tKo(zD) -
L@ E K60 o~ em@ O Ky (2, 1)dp(r) + m(t) — m(s)]de(s) <

e+m(t) T e+m(s)

t Ko(r,0) m(t) T s
LU, tone 0@ + gl xee romo mo 4

m(t) tKo(7,7)

t Ko(s,5) [+ e dg ()] m(t) t Ko(z,7)
l1(7) frmdqb(S) ee ‘etmt) Setm(® [£+m(t)+fs crm( 4P (M]dd(s) =
Li(Desup(ve™) + I (De [ e ?zdz = I;(1)e(e™! + 1);

v=0

(t,1)eq, &>0.

Jlemma 2 nokazasa.

Jlemma 3.

[TycTh BBITIOJIHSAIOTCS YCIIOBUSA a), 0),

K.(t,t,v) =0 mpu (t,9) € [to, TIXR , H(t,7,&(r,€)) = ——

[Ki(t,T,v(r)+ (15

e+m(t)
ss) - [HKo@®
§(1,€)) — Ko (t, T, u(0)] + ff%e Js eomiayd @)
1
———— K, (s, 7, v(2) + (1, €)) — K1 (5,7, u(7))]|dp(s)

e+ m(t)
Torpa cripaBeyivBa OLICHKA
IHt7,§(@ el < L(@e(e™ + DIE(@e)l, (T EGXR ,e>0 (16)

Jloka3aTenbCTBO.
CHauana nmokaxem, 4To

1
s+m(t)

[Ki(t,T,0(7)) + &(t,¢)) — K. (t,T,v(7))]e ffff,fg?,idcp(q) _ (17)

H(t,7,é(1,¢)) = —

tKo(q.9)

L [t 200 S Dk, (7, 0(1) + E(1,8)) — Ky (5, T,0(T) + £t £)) —

e+m(t) 't e+m(s)

Ki(t,t,v(7)) + K1 (s, T, v(7))]dp(s).

B camom neie

t 1 K ) _ tKO(q!q) 18
Jf g+m(t)'gi(rsn(ss))e St i (m,0(0) +E(5,6) — K6 TOONdRE)
1
T etm)

tKo(q.9)
[Kl(tl T, U(T)) + f(’l—, 5)) - Kl(t, T, U(’l’))]e_ 5§+n(11(?])d¢(q)|

1
= Tm(t) [Kl(t' T, U(T)) + f(T' S))

_Kl(t' T, U(T))] -

s=t
S=T

£+ m(t) [Ki(t, T, v(T) + E(1,8)) — K1 (t, T,0(7))]e Tetm@

VYuursiBas (18) umeem (17).
Hanee u3 (17) nonyuaum
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|H(t,7,$(z, )l
K1 (¢, 7,v(D) + (7, ) — Ki (7,7, 0(7) + +$(7, €)) — Ki (¢, 7,0(7))

tKo(a.4) ,
+ Ky (1,7, 0(D)) e rerm@ @ 4

tKo(q.9)
€+ :n(t)f gKi(TS,lES)) 5§+1g(2)d¢(q) I[Ky(t,T,u(T) + &(T,€)) — Ky (s, T,u(T) + &(T, €))
— Ki(t, 7, v()) + K1 (s, 7, 0(0)]|dp (s)

L(@) f Ko(a, 9)dp(q) + m(t) —m(D)| [v() + (7, €) —v(1)]e

<L -
“e+m(t)

- {28 a4.q)

<—
e+ m(t)

tKo(q,9)
Lt f Ko(s, s) o Fretmi®@
e+m(t) ), e+ m(s)

(™)

t
f Ky(q, 9)dp(q) + m(t) — m(s)||v(r)) + &(z,€) —v(1)|dp(s)
< l(z ){[f o(CI 9) do(q) +ﬂ ee g:nrglt()t) _ fffﬁfﬁ'{% ¢(q)}

e+m(q) e+m(t)
Ko(s,) 1O @i | [* K@) m(t)
+ j Ho00) pemeimteFED U RS (@) + | AP K@)
Ko(q,9) m(t) | O (e,
- e (| 122D g )++T(t)>e @ fem@
[ oo et s ionc
: £tm(s
Ko(q,q) m(t) ]|f(r )| < L(t)e[sup(ve™)
— 2 dg(q) + ——)de(s) | 10T = RDel
L&t m(q) e +m(t) ve
( St @ g
’ m(t) N ey 1€ o)l
e+m(t)

< L(De(e t + D)|é(z, &)l

o _
Taxk kak sup(ve™) = —, fo e Vvdv = 1. Jlemma 3 mokasaHa.
v=0

Teopema. IlycTh BeimonHsoTCS ycinoBus a) u 0). Torna

1) ecimm Y(t) - cTporo Bo3pacratomias GyHkuus Ha t € [ty, T], rae roe P (t) -onpenenena c
noMomnsio (Gopmynsl (4), ypaBHenue (1) mmeer pemenue v(t) € C[t,, T], 1o pemenue J(t,¢€)
ypaBaenwust (2) npu € = Ocxomurcs 1o Hopme C|[ty, T] x 9(t).

[Tpu aTOM cipaBeTTMBA OIICHKA

19(¢, &) —v®ll < 4K llv(@©)ll.e* P + Kaog(eP), (19)
rae [ — npousBoiabHOE yKcio u3 uatepsaia (0,1).

@,(5) = sup [o(y ' () —vy V)]

‘x V‘<§

Y 1(x) — obparnas ¢QyHKIEA K (QyHKIUH

P(©), K=exp[(1+e) ftto(ll(S) + L (s)do(s)];
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2) ecnu ypaBHenue (1) mmeer pemrenue v(t) € Cg [to,T], 0<y <1, 10 pemmienune I(t, <)

ypaBHeHwust (2) ipu € = Ocxomurest 1o HopMe C|[ty, T] k v(t). Ilpu 3TOM cripaBeIMBa OlEHKA

19(t, &) —v(®)llc < KMM3e¥ (20)
meM = sup [v() = v(S)I/1B() = SN, My = sup(ue™), My = [ e~*27 dp(2)
SE[to,T
M3 = (Ml + Mz)e.
JlokazarennbCcTBO.
B ypaBHeHnuu (2) cnenaem 3aMeHy
I(t,e) =v(t) + (L, €) (21)

rae v(t) — pemienue ypaBaenus (1). I[logcramss (21) B (2) umeem

¢ t (22)
[ +m(D)]E(t,8) + [ Ko (5,5)E(s, £)dop(s) + [[Ko (1, 5) = Ko (5,9)IE(s, £)dp(s) +

ftz Ki(t,s,0(s) +¢(s,€))dp(s) = f(t) —ed(t),$(t, &) +

[ 22526 (5,€)d(s) + [

e+m(t)

[Ko(t,5) = Ko(5,9)JE (5, )db() + [ == [Ka (8,5,

£+m(t)

—Ki(t,5,0(s))]dp(s) = [v(®) —v(to)].

e+m (t)
_ tKo(s, s)
Wcnonb3yst pe3oibBeHThl R(t,S, &) = ::r(;(st)) Is crms) 2 )smpa [—Ko(s,s)/(e +m(t))],

ypaBHEHMIO (22) CBOJMM K SKBUBAJICHTHOMY YPaBHEHHIO

£(t,€) = [, Po(t, s, )¢ (s,€)dp(s) + [, H(t,5,6(5,€)dd(s) + fo(t,e), tE€[to, T (23)

rne H(t,s, &(s,€)) -onpenenena B JeMMe,

tKo(ss) -~ [ix0l8Dypqy 1 (24)
Po(t,7,€) = = s [Ko(6,1) = Ko (1, 0] + [ 2 e s em@ ™ Ko (5,7) =
Ko (7, 7)]d¢(s),
fe) = RO —v)] - S0 Bag (@) (25)
' €+ m(t)
B f Ko(s,5) - fiztmdasa V(O —v(s) d(s).
to €1 m(t) e+ m(s)

Ecmu v(t) € C[to, T], ¥(t) = [, tto K(s,s)d¢(s) + m(t) -ctporo Bo3pacTaromasi (yHKIUs

npu t € [ty, T], To B crury nemmsbll u3 (25) umeem
Ifo(t )lle < 4llv(©)llce™F + @5 (e?), (26)

rae [ — npousBoibHOE yncio u3 uatepsaia (0,1),
Ecmm f(t) € C&/J [to,T], 0 <y <1,ToBcury nemmsil u3 (25) nmeem

Ifo(t,E)llc < MM3e?. 27

Ecnu BemomnHstoTcs yeiaoBus a) ¥ 0), To B cuity JemMmbl 1 u3 (24) nonyuum
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|Py(t,T,8)| < (et + Dely (1), (t,1)EG, €>0. (28)
VYuuteiBas ieMMbl 1 orieHKH (18), n3(13) nmeem

‘ _ (29)
1§t o) < f [L(5) + ()] + e Delé(s, )ld(s) + Ifo(t, ), t € [to, T

B cuny onenku (26), (27), m 0600menHoro HepaBeHncrsa I ponyoma-bemnmvana [9] uz (29)

BbITeKaeT orieHkH (19) u (20). Teopema nokazana.
t

m(t)+ [ K, (s,8)dp(s)>0 npu  te(t,.T),
Cnenctsue 1. Ecu BEINOMHSAIOTCS YCIIOBUSA a), 0), fo
K;(t,t,v) = 0 uY(t) - crporo Bozpacraromast GpyHkuwms ipu t € [ty, T], TO peieHne ypaBHECHHS
(1) emuacTBeHHO B mipoctpanctse C[t,, T].
JIOKA3ATEJIBCTBO. Ilycts ypaBHenue (1) umeeT aBa pemienus vq (t) u v,(t) na [ty, T], T.€.

m(Vv; (£) + f; K(t,5,01(5))dp(s) = m(E)(t) + [ K(t,5,02())d(s), ¢ € [to,T]

Orcioma  m(B)[v3(8) = v2 (O] + J} Kot )[v1(8) = v2()1dep(s) + [ [Ki(t,5,01(5)) =
Ky (t,5,02(5))]dop(s) = 0,m(t)[v1 (o) — v2(to)] + f:o Ko (s, s)[v1(to) — v2(to)]dep(s) +
m(t)[v1(t) —v2(t) — (W1(to) —v2(to))] + ftt; Ko (s, s)[v1(s) — v2(s) — (01 (to) —
U2 (to))]do(s) + ffo[Ko(t, §) = Ko(s,5)][v1(s) — v2(s)]dep(s) + fti)[Kl(tr $,v1(8)) —
Ki(s,s,v(s)) — K1(t,s,v5(5)) + K1(s,5,0,(5))]dop(s) = 0.

Hanee
‘ (30)
[m(z) + .[Ko (Sas)d(P(S)]‘Ul (o) — v, (to)‘ < m(t)‘ul () =0, (1) = (v (1) — v, (to))‘ +
ftl; Ko(s,$)lv1(s) — va(s) — v1(to) + v2(to)ldp(s) + ftl;”(o(t: s) — Ko(s, )llv1(s) —
v2(s)|de(s) + fttollQ(t, $,1(5)) — K1(s,5,01(5)) — K1 (t, 5,02(5)) +
Kl(S, S, UZ(S))Id¢(S)
N3 (30) umeem
(31

t
[m(t) +J Ko(s,8)de(s)]lv1(to) — v2(to)!

to

t
< m(O)|vy () — v2(£) — (v1(to) — v2 (o)l +f Ko(s,s)do(s)

to

* Sg[Ltht]|U1(5) —U(8) — (u1(to) — v2(to)]

+ | LO K@@ +m©) = m)lvs () = 0, ldb(s)
+| LOI K@@ +m©) = M) - vEldbE), ¢
€ [t(()), T],
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Henst o6e yactu Ha m(t) + ftl; Ky(s,s)dp(s)u3 (31) momyuum |vq(ty) — v,(to)] < vy (t) —

U2 () — (1 (o) + v2(E)| + sup |v1(s) — vo(s) — (V1 (to) — v2(to)| + ft’; LS vi(s) —

S€E[to,t]

v ()dB(s) + J,. 12(5) [vi(s) = v2()ldp(s), ¢ € [to,T].

Orcroma mepexomst K mpeneny mpu t — t, momyuum |vq(ty) — v, (ty)| = Onopu t € [t,, T].
Torna vy (tg) = v, (ty)-

Hanee u3 (19) umeem [[v1(6) = va (D)l < llvi(®) = I )l + 19(E, &) — vz (Bl = 0, mpu
e — 0. Iootomy v, (t) = v,(t). iput € [ty T].

CrnencrBue 2. Eciu BBITIONHSIOTCS YCIOBUS a), 0) U CyIIECTBYeT 9ucio t; € (t,, T] Takoe, 94To
Y(t) >0 npu Bcex t € (ty,t1], T0 pemieHue ypaBHeHus (1) SIMHCTBEHHO B TPOCTPAHCTBE

Chte Tl  0<y<1, 20e P(t)= f; Ko(s, s)dd(s) + m(t).
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OJIMH KJIACC JTUHEHHBIX NHTEI' PAJIBHBIX YPABHEHUI
BOJIBTEPPA-CTHJITBECA TPETBEI'O POJA
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A CLASS OF LINEAR VOLTERRA-STIELTJES INTEGRAL EQUATIONS
OF THE THIRD KIND

©Bedelova N., ORCID: 0000-0002-4248-4563, SPIN-code: 1451-1901,
Ph.D., Osh State University, Osh, Kyrgyzstan, kireshe78@gmail.com
©Makhmudova A., Kyrgyz-Turkish Manas University,
Bishkek, Kyrgyzstan, makhmudovasw@gmail.com

Annomayusn. PaccMOTpeHBI NMHEWHbIE WHTErpajbHble ypaBHeHHs Bonbreppa-Crunbreca
TPETHErOo poAa. s pereHns 3TUX ypaBHEHHUM TOCTPOEH PETYIIAPU3UPYIOLINI OIIEpaToOp U 10Ka3aHa
TeopeMa eAMHCTBEHHOCTH. llpu wHcciaenoBaHMM TNPUMEHSIOTCA IIOHATHE IIPOM3BOJHOM 11O
BO3pacTaromiell GyHKIHUU, MeTo peryisipusanuu o M. M. JIaBpeHTheBY, MeTO/IbI (PyHKIIHOHAIEHOTO
aHaJii3a, METOJbl MpeoOpa3oBaHMsI YpaBHEHHM, METOJbl MHTErpajbHBIX U AUPPEepeHLnaTbHbIX
ypaBHeHui. IIpennoKeHHbIE METOIbl MOXHO HCIIOJIB30BaTh JI1 HCCICIOBAaHUS WHTETPAJIbHBIX,
UHTErpo-1uddepeHanbHbIX ypaBHeHUH THIa Bonbreppa-CTuriibTeca BEICOKUX MOPSAAKOB, a TAKXKe
IIPU KAauYeCTBEHHOM HCCJICIOBAHUN HEKOTOPBIX MPUKIAJAHBIX IMPOLECcCOB B 00MacTu (U3HKH,
9KOJIOTUH, MEIUILIMHBI, TEOPUH YIPABICHUS CI0KHBIMU cucTeMaMi. OHU MOTYT OBbITh HCIIOJIb30BaHbI
IIpU JaJbHEWUIIEM Pa3BUTHUN TEOPHH MHTETPAIbHBIX YPAaBHEHUH B KJIaccax HEKOPPEKTHBIX 3a/1a4, JJIs
YHCJIEHHOTO PEIIEHNs MHTErPaJIbHBIX ypaBHeHUN Bonbreppa-CTunbreca TpeThero poja, a Takxke npu
pELIEHNN KOHKPETHBIX MPUKIIAIHBIX 3a/1a4, CBOJAIIMXCS K YPaBHEHUAM TPETHETO POJa.

Abstract. This article considers the linear Volterra-Stieltjes integral equation of the third kind.
To solve this equation, a regularizing operator is constructed and a uniqueness theorem is proven. The
research uses the concept of a derivative with respect to an increasing function, the method of
regularization according to M. M. Lavrent'ev's methods in functional analysis, methods of
transformation of equations, and methods of integral and differential equations. The proposed
methods can be used to study integral and integro-differential equations of the Volterra-Stieltjes type
of higher orders, as well as in the qualitative study of some applied processes in the fields of physics,
ecology, medicine, and the theory of control of complex systems. They can be used in the further
development of the theory of integral equations in classes of ill-posed problems, in the numerical
solution of Volterra-Stieltjes integral equations of the third kind, and when solving specific applied
problems that lead to equations of the third kind.

Knwouegvie  cnosa:  nuHeliHble  MHTErpajibHble  ypaBHeHUsi  Bombreppa-Cruntheca,
peryaspusanus, peleHns, eAMHCTBEHHOCTh, TPETHH po.

Keywords: linear Volterra-Stieltjes integral equations, regularization, solutions, uniqueness,
third kind.
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B obmem ciaydae uHTerpanbHele ypaBHeHUs: Bonbreppa-CTmiibTheca He BCErza CBOIUTCS K
UHTETpalbHbIM ypaBHeHUsAM Bosbreppa, Tak kak uHTerpas CTHiaTheca HE BCErga CBOAMUTCS K
uHTerpany Pumana wmm unterpanmy JleGera. IlosTomy u3yuyeHHME WHTETPajbHBIX ypaBHEHHUU
Bonbsreppa-CTriitbeca MpeacTaBiIsIloT CaMOCTOATEIbHBIA HHTEPEC.

Mamepuan u memoowl ucciedo8anus
B pabGore wucmomp3yercs wmeronm peryaspm3anuu nmo M. M. JlaBpeHTbeBY, METOIbI
(YHKIIMOHATBHOTO aHaliu3a, METOJbl MPeoOpa3oBaHUS YpPaBHEHHWH, METOABI WHTErPaIbHBIX U
muddepeHnnanbHpIX ypaBHeHM. [lomyueHa onTumanbHas OLEHKAa MPUOTMIKEHHOTO pEIIeHUs
JIMHEWHBIX UHTETPaJIbHBIX YpaBHeHHI Bonbreppa-Cruiitbeca TpeTbero poja.
OaHOBpPEMEHHO pacCMaTPUBAIOTCS CICAYIOIINE TUHEHHbBIE HHTETPAIbHbIC YPaBHEHUS

‘ (1
m©9) + [ a@bEIAHE) = F©, T >t
to
‘ ()
(e+m(t)I(t, ¢) +.f a(t)b(s)I(s,e)dp(s) = f(t) +€9(ty), tE [ty T],
to
rae m(t), a(t), b(t) u f(t) — wusBecTHBle HempepbiBHBIC (QyHKIMKH Ha [to, T], m(t) —

HeyObIBaroIas HernpepbiBHAsA GyHKIUS Ha [to, T], m(to)=0, 9(t) u 9(t, &) — uckombie (GyHKINH,
¢(t) -Bo3pacraroniass m3BecTHas HenmpepbiBHas GyHKmus Ha [to, T], 0 < & — Manwli mapamerp,
(t,s)EG ={(t,s)ty<s<t<T}

3neck [ty, T]— mpocTpaHCTBO Beex HempepbIBHBIX pyHKImiA J(t), onpeaeneHHbx Ha [to, T]

¢ nopmoit [[9()ll, = sup [9(D)].
te[to, T)

Bbynem o0o3Hauatrh uepe3 C& [to, T], 0 <y <1, iuHeilHOE TPOCTPAHCTBO BceX (DyHKIMU
v(t), ompeneneHHbIX Ha [to, T] u ygonerBopsiroumx ycnosuto [u(t) — v(s)| < M|y (t) — P (s)|?,
rme M — TmoJNIoKHTENbHAST TOCTOSIHHAS, 3aBucsmas or Y(t) , Ho He or t u s, Y(t) =

ft’; a(s)b(s)dg(s) + m(t), tE€ [ty T

Pasnnunble BONIPOCHI 1711 HHTErPaJIbHBIX YPABHEHUN IIEPBOTO U TPETHETO pOJa UCCIIEI0BaHbI B
paboTtax MHOruX aBTOpOB. VMccienoBaHbl TUHEHbIE HHTETPANIbHBIE YPAaBHEHUSI BTOPOTO poja U UX
CUCTEMbI Ha KOHEUHBIX U OECKOHEUHBIX MHTEpBalax. 3/1€Chb BCE MHTETpaibl IOHUMAETCSI B CMBICTIE
Crunrtbeca [1].

Jlan 0030p pe3yabTaToB MO HMHTErpajlibHbIM ypaBHEHUsM Bombsreppa BTOporo popga. s
JUHENHBIX UHTETPAJIbHBIX ypaBHEHUN BosbTeppa nmepBoro u TpeThero pojoB C MIAJKUMHU SIpaMU
JI0Ka3aHO CYIIECTBOBAHWE MHOTOIIapaMeTpHUUEcKoro ceMeicTna pemeHuil. Ho ocHoBomnomnaratomniye
pe3yabTaThl Ul MHTETPAbHBIX ypaBHEHHUH PpearoipMma MEepBOrO poa IMOJIyYEHBI JUISl PEIICHUS
JMHENHBIX HHTETpabHbIX ypaBHeHUN dpenronbma nepBoro poja MoCTPOEHbI PETYIIpU3UPYIOLIHE
orneparopsl 1o M. M. JlaBpenTreBy [2-4].

Uccnenosansl ypaBHeHUs BonbTeppa nepBoro poga u oopatHble 3a1aun. J[okazaHbel TeOpeMbl
€IMHCTBEHHOCTH M IIOCTPOEHBI peryaspusupyronie omneparopsl no M. M. JlaBpentbeBy. s
JUHENHBIX UHTETpalbHBIX ypaBHEHUN Bonbereppa TpeTbero ponaa J0Ka3aHbl TEOPEMBI
€IMHCTBEHHOCTH U TIOCTPOEHBI peryisipusupymoiue oneparopsl no M. M. JlaBpenTheBy [5-8].

JInst TMHENHBIX MHTErPajJbHbIX ypaBHEHUN PpenroipMa TPEeThEero poaa JOKa3aHbl TEOPEMBI
€IMHCTBEHHOCTH U NIOCTPOEHBI PETYIsIpU3npytomue oneparopsl no M. M. JlaBpenTreBy [9].
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HccnenoBanbl BOMPOCH CYIIECTBOBAHUS M €IWHCTBEHHOCTH pEUICHUS Ui JIMHEHHBIX
MHTETpalbHbIX YpaBHEHUI DpeAroibrma TPEThEro poja ¢ 0COOEHHOCTHIO B OJIHOM TOUKE Ha KOHEUHOM
npomexyTke [10].

N3yuen knacc HHTErpalibHBIX ypaBHeHUN OpearoapMa TpPEThEro pojJa HAa KOHEYHOM
npomexyTke [10, 11].

Pa3paboran ymydiieHHbIH HOBBIN TOIX0/1 HCCIIEI0OBAHUS JTMHEWHBIX UHTErPaIbHbIX ypaBHEHUN
@penronbMa TPETHETO PoJa ¢ MHOTOTOYEYHBIMU OCOOCHHOCTHSIMH Ha KOHEYHOM IMpoMexyTke [10-
13].

Ha ocHoBe mnonsTus mnpousBogHas (PYHKIMHM MO Bo3pacTaroniel (QyHKIUU BBEICHHBIN
UCCIIEIOBAJIUCh JIMHEHHBbIE M HEJIMHEWHble WHTerpajibHble ypaBHeHUs Bonbreppa-Crmitbeca
MepBOTo U BTOpOro ponoB [13].

Jlnst perieHus OJHOTO Kjacca JIMHEWHBIX MHTETpajibHBIX ypaBHeHUM Bonbreppa-Crunrbeca
TPETHETO0 pojia MOCTPOEH PEryasipu3upyroluii oneparop no M. M. JlaBpeHTbeBy U Joka3zaHa Teopema
€IUHCTBEHHOCTH [14].

[penmonokuM  BeITOJNHEHWE  cieayrommx  yciosmii:  a)m(t), a(t), b(t), f(t) €
Clty, T],m(ty) =0, m(t) =0, a(t)=20ub(t) >0unuput € [ty, T]; 6) mput >1,t,T € [ty T]
crpaBeuBa oteHka |a(t) — a(t)| < C, [f_:a(‘[)b(‘t')d(].')(‘[) +m(t)]", e 0 <y; < 1.

Teopema. Ilycth BBIONHSIOTCS ycnoBus a), 0), U(t) sBusercs permenuem ypasHeHus (1)
yIOBICTBOpsIOMUX  ycinoBuio:  I(t) € C& [to, T], O0<y<1 [9(t) = I(ty)| < Cya(t), t €
[to, T], 0 < C; - nocrosinnas. Torna pemenue J(t, €) ypaBaenus (2) mpu € = 0 CXOIUTCS 1O HOPME
C[ty, T]x 9(t). Ilpu 3TOM cripaBesIMBa OLICHKA:

19(t, &) —9(®)llc < M(My + M3)e? + Mye¥, 3)
e M = supl9(t) = IS/ Y (&) — Y)Y, My = estig(vye"v), M, =
CoCre fgoe“’vyldv,Mg =e foooe‘vv”dv. N
Jloxazamenvbcmeo. B mHTErpaIbHOM YpaBHEHUH BTOPOTO poja (2) ciemaeM 3aMeHy:
I(t, &) = 9(t) + (¢, ) 4

rae U(t) - pemenue ypaBHeHus (1). IloacraBmsst (4) B (2) umeem [e +m(t)][E(E, €) +
ftt; a(t)b(s)é(s,e)dp(s) = —€[I(t) —I(ty)] , t € [ty, T]. Orcrona momyunm:

£(6) =~ s | 008G pe) - T e, 7 ©
Haxo/mm peltenue ypasHerns (5), HCMIOb3ys PE3oTbBEHTY:
B S 30 P
ampo K (t,s) = — g::zt) b(s), (¢, s) € G. Torma:
£(t,) = ~ OB | 0O e ) TGO O g 2
t € [to, T]

HetpyaHo mokazarsb ciieyroliee TOXIeCTBO:
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(1b(@) — — —
f ab() - (KB ago EIO =D DO 9] £lD(O) = ()] (8)
o €1 m(t) e+ m(s) e+m(t) e+m(t)
t a(t)b(7)

o Jtoe+m(r) ¢(T), t e [tO' T]
VYyuteiBas (8), u3 (7) nomydum:

O] = fiy Foms 4P () )
f(t g) e+m(t) o +
£ a®b() = Iy i 9@ el9() =9 (t0)] L a©b(s) = f G a9 (D) B (O ~0 (ko))
fto £+m(t) e e+m(s) dd)( ) fto s+m(t) e e+m(s) d¢($)
t € [ty, T]
BBonst 0603Ha4YeHUS:
9(t) — 9(t _(tamb(@) 10
it = _EPO=OCD] - 2 (10)
e+ m(t)
ta(t)b(1)
[a(H)-a(s)] — oo (7) e[9(s)=D(to)] (11)
Pa(t €) = ftomb(s)e S e 4P 0),
ta(t)b(1)
_ _ [t ADD®) = [T AP IO -] (12)
Y3 (t’ g) - ffo s+m(t) e e+m(s) d¢($),
N3 (9) umeem:
S(te) =i(te) +a(t &) +Ps(t,e), t € [ty, T (13)
Oyenum  P41(t, &) . B cuay yciaoBusi Teopembl w3 (10) momyumm: |P4(t &) <
m() 0
—— [ a(b(n)d$(1) Y() -
£+m(t) hb(t)lyee e+m(t) g s+m(t) to ng(g+m(t))1 V[£+m(t)])’ x ee etm®) <
MeYesup(v¥e™).
v=0
Orcrona umeem:
11 (t )llc < MM, €. (14)
Oyenum P, (t, €). B cumy ycroust reopemsl u3 (11) momyuum
|1/J2(t )l
— ta(‘r)b(‘r) —
B f a® —als) | o -y 9 = S0l
. €+ m(t) e +m(s)
tc a(t)b(t)de(r) + m(t) " m(t) _ ta(nb(r) C
< J’ o[fs (Db(r)d¢ () ()] b(s)ee Fm@e s erm(n 4@ £ 1a(s) d(s) <
to e+ m(t) e+ m(s)
m(t) ta(‘r)b(‘r)
=1 oo AP (] [ m(t) ta(T)b(T)
Cocl Y1(S+ (t))l 141 f e ‘etm(t) 'S e+m(z) [m+ fs oo d)( )]Yl *
a(s)b(s) y y
mom(s) ———d¢(s) < CyC,ec 1f e Vvridy.
OTcroma nMeeM:
12 (t )llc < Mpe™ (15)
Oyenum  P3(t,e) . B cumy yemous w3 (12)  momyunm  |P(t, €)| <
Y

m(t)

ta(r)b(7)
< ft AbE) o "erm(n s Trmm 16 ;M[f: a(0)b(1)d¢ (1) + m(t)]

to e+m(t) g+m(s)
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m(t) ta(t)b(7)
y 1-y [s m(t)"'fs SHm(D) =i 4P ()] ta(T)b(T) m(t) a(S)b(S)

< Mee (8+m(t)) to i i [fS e+m(7) d)( )+e+m(t)] e+m(s) ¢( ) =

14 —vyY

Mee? [ e ™"vVdv.
OTcroma UMeeM:

Y3 (t, )llc < MM3e¥ (16)

B cuity nepaBencts (14), (15) u (16), u3 (13) BeiTekaeT onenka (3). Teopema nokaszana.
Cneocmeue. IlycTh BBINONHAIOTCS ycioBusi a), 0), a(t) = ag > O0npu Bcex t € [ty, T] n

cyLueCTByeT t; € (ty, T] Takoe, uro Y(t) = m(t) + ft a(s)b(s)d¢(s) >0 npu t € (ty, t1) ,

llm m f b(s)d¢p(s) =a € (O o0).Toraa pemieHne HHTETPATBLHOTO ypaBHEHUs TpeTbero pona (1)

SIMHCTBEHHO B IMMPOCTPAHCTBE Cw [to, T], O0<y<1.

Hoxkazamenocmeo. Ilycts 9(t) € CZ;, [to, T] sBAsieTcss HEHyNEBBIM perieHueM ypaBHeHus (1)

npu f(t) = 0. Torna m(t)I(t) + f; a(t)b(s)9(s)dp(s) =0, teE ][ty T]

Jlanee m()9(to) + [, a(s)b(s)dp(s)9(to) + m(D)[H(E) — 9(t)] + [, [a(t) =
a(s)] b(s)9(s)dg(s) + ft a(s)b(s)[I(s) —I(to)] dg(s) = 0.
Orcrona, B cuity ycnoBust a) u 0), umeem |9(ty)| < ng)) [9(t) —I9(t)| + [ sup [I9(s) —
SE[tg, t]
SN s lae) - ags)] XN ELOCO < 50y g+ sup 196s) -
S€E[to,t] S€[to,t]
I(to)| + sup la(t) —a(s)| * [l f b(s)d¢(s)], tE€ (to t1)-

S€[to,t] Il)(t)
Orcrona nepexo/s K npenerny npu t = t, moxyanm 9 (t,) = 0.
Hanee, u3 (3) umeem:

W@l = 19(t, &) =I(Ollc = 0 (17)

npu € = 0. Tak kak I(t, &) = 0 mpu Bcex t € [ty, T], € > 0. U3 (17) BoITeKkaet, uro J(t) = 0
npu Bcex t € [ty, TJ.

Pesynomamot u o6cyscoenue
Jlig pemieHus JUHEHHBIX MHTErpalbHbIX ypaBHeHuUd Bonbreppa-Cruntbeca Il pona
IIOCTPOEHBI PETYIIAPU3UPYIOLINE ONIEPATOPHI.

3axnouenue
Jlns pemieHust TMHEHHBIX MHTErPANBHBIX ypaBHeHUN Bomnsreppa-CTunTheca TpeTbero poaa
ObUIH CIIeNIaHbl CIEAYIOUINE BbIBO/IBI:
1. Halinens! 1ocTaTOYHbIE YCIOBHSI €AUHCTBEHHOCTH U PETYISIPU3ALMN PEIEHUN JIMHEHHBIX
MHTETpalbHbIX YpaBHEHUH Bonsreppa-CTriiTbeca TpeThero poaa;
2. Jloka3aHbl TEOpEMBI €IMHCTBEHHOCTH PEIIECHUN JJIl JTUHEHHBIX MHTErPAJbHbBIX YPABHEHUN
Bonsreppa-Ctunteeca TpeTsero poza.

bnazooapnocmu: aBTOp BBIpa)kaeT NTyOOKYIO0 IMPU3HATEIBHOCTh M OJIarOapHOCTh HAYYHOMY

PYKOBOJUTENIO, TOKTOPY (PU3MKO-MaTeMaTHYecKuX Hayk, rnpodeccopy ABBIT ACaHOBY 3a ILIEHHBIE
COBETBHI, ITPEJIOKEHNS U 3aMEYaHHUs], CICITaHHbIE UM IIPU ITOJTOTOBKE JAHHOW CTATHH.
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Annomayusn. PaccMaTpuBarOTCsS COBPEMEHHBIE aJTOPUTMBI ONTHMH3ALUU, TPUMEHSEMBIC B
3a/la4ax TMPUKIAJHOW MaTreMaTUKH W WH()OPMATHKU. AHAIU3UPYIOTCS KIACCUYECKHE METOIBI,
BKJIIOYAsl TPAIUEHTHBIE MOJXOMbI, 4 TAKKE COBPEMEHHBIE CTOXACTHUECKHUE U META’IBPUCTUUECKHE
anroputMbl. Oco0oe BHUMaHHUE YHAEISeTCsl MPUMEHEHUI0 METOAOB ONTHUMHU3AlMU B MAIIMHHOM
oOyueHun, o00pabOTKe OONBIIUX JAaHHBIX U BBHIYHCIUTENBbHON MaTtemaTtuke. [IpuBomutcs
CpPaBHUTEIBHBIN aHAN3 3PPEKTUBHOCTH AJITOPUTMOB U 0OCYKTAOTCS TIEPCIIEKTUBBI JaTbHEHIIINX
HUCCIIeOBaHUH.

Abstract. This paper investigates modern optimization algorithms used in applied mathematics
and computer science. Classical approaches, including gradient-based methods as well as modern
stochastic and metaheuristic algorithms, are analyzed. Special attention is given to applications in
machine learning, big data processing, and computational mathematics. A comparative analysis of
algorithm efficiency is presented, and future research directions are discussed.

Kniouesvie cnosa: OIITUMHU3aN U, YHUCIICHHBIC MCTO/bI, Fpa,[[HeHTHBIfI CIIyCK, MAaIINMHHOC
O6y‘-ICHI/IC, MCTAa3BPUCTHKA, OoJIbIIINE JaHHBIC.

Keywords: optimization, numerical methods, gradient descent, machine learning,
metaheuristics, big data.

OntuMuzaiusi SBISETCS OMHON W3 KIIFOYEBBIX OONIACTeW TPUKIAIHOW MAaTEeMaTHKU U
uHpopmaruku [1].
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IIpaktuyeckn iro0ast 3ajada, CBs3aHHAas C MOJCIMPOBAHMEM, AaHAIU30M JAHHBIX WIH
pa3pabOTKOM aJrOpUTMOB, CBOAMTCS K 3a/1a4e IMOMCKA SKCTpeMyMa HEKOTOpor (pyHKIHH [2].

CoBpeMeHHbIE BEIYUCIUTENBHBIC 33/1a4i TPeOyIoT 3()(EKTUBHBIX AITOPUTMOB ONITUMHU3AIIHH,
COCOOHBIX paboTaTh ¢ OONBIIMMU OObEMaMH IAHHBIX, BBHICOKOW DPa3MEPHOCTHIO U CIIOKHBIMHU
HEJIMHEHHBIMU 3aBUCUMOCTSIMH [9].

OCHOBHOW 1LI€bI0 JAHHOM pabOThl SBISETCS MCCIEJOBAHUE COBPEMEHHBIX aJIrOPUTMOB
ONTUMH3AIMKA U aHaIU3 MX APPEKTUBHOCTH MpPHU PELICHUM 3a1ad NPHUKIATHOW MaTreMaTUKU |
uHpopmatuki. OOBEKT UCCIENOBAHUS SBISIOTCA 3aJadd  ONTHMHU3AIMHM, BO3HUKAIOIIME B
NPUKIAAHOM MaTtemaTuke W uHpopMartuke. Ilpeamer wuccienoBaHMs BBICTYNAIOT aJrOPUTMBI
ONTUMM3ALMU (IFPAaAUEHTHBIE, CTOXaCTUYECKHUE U METa’BPUCTUYECKUE METONbI), a TaKKe HX
CBOMCTBA, YPPEKTUBHOCTH M OOJIACTH IPUMCHCHHS.

Hayunas HoBuM3Ha pa0OThl 3aKiIIOYaeTcss B: KOMIUIEKCHOM CPAaBHHUTEIBHOM aHAJIM3E
KJIACCUYECKUX W COBPEMEHHBIX aJrOpPUTMOB ONTHMHU3ALMUM; HCCIe0BaHUU 3(deKkTuBHOCTH
QJITOPUTMOB Ha TECTOBOM (YHKIMM; PAacCCMOTPEHUH BO3MOKHOCTEH KOMOWHHUPOBaHMS METO/OB
(TuOpHUIHBIC ANTOPUTMBI).

[IpakTndeckas 3HAYUMOCTH pabOTBl  3aKIFOYAETCS B  BO3MOXKHOCTH  IPUMEHEHHS
PacCMOTPEHHBIX aJITOPUTMOB: IIPU pa3pabOTKe CUCTEM MAIIMHHOIO 00yueHHsI; B 3a71a4ax 00paboTKu
OO0JIBLIMX JaHHBIX; IPU YMCICHHOM PELICHUN IPUKJIaIHBIX 3a/1a4 MaTeMaTU4eCKON (PU3UKH.

Metononorust ucciieIoBaHUSI OCHOBAHA HA COYETAHUU TEOPETHUYECKOIr0 aHaJIn3a YUCICHHBIX
METO/IOB C MPAKTUYECKOW pean3allieldl U CPAaBHEHUEM BBIYMCIUTEIbHBIX CXEM, BBINOJIHEHHBIX C
UCIOJIb30BAaHUEM  COBPEMEHHBIX  OMOMMOTEK  BBICOKOIIPOM3BOMUTENBHBIX  BBIYMCICHHM.
PaboTa HampaBieHa Ha MOJy4YE€HUE BOCIPOU3BOIUMBIX U MAacIITAOUPYyEeMbIX YMCICHHBIX PELIeHUN
TUIIOBBIX 33]1a4 MaTeMaTH4eCcKoi (PU3UKH C MpUMEeHEeHUeM napaiuienbHbIX 1 GPU-opueHTHpOBaHHBIX
TexHosnorui. MccnenoBanue BbIIOIHSIIACH B TP OCHOBHBIX 3TaIlOB!

-TeopeTnueckuii aHaIN3 KJIACCUYECKUX YUCIEHHBIX METONOB perieHus auddepeHnnanbHbIx
YPaBHEHUI B YaCTHBIX IPOU3BOJHBIX [6].

-Pa3zpaboTka u peanuszanus BBIYMCIUTENBHBIX AJITOPUTMOB C HCHOJIb30BAaHHEM pPA3JINYHBIX
ouobmmnotek g1 CPU u GPU.

-DKCTIepMEHTAIbHOE CPaBHEHHE MPOM3BOAMUTEIBHOCTH, TOYHOCTH M MAacIITaOUPyeMOCTH
peanu30BaHHbBIX METOOB.

B kauecTBe TECTOBBIX 3a7a4 BEIOpaHbI 0a30BbIE YPABHEHMSI MAaTEMATHUYECKON (PU3UKHU, KOTOPbIE
UMEIOT aHAJIMTUYECKUE WJIM XOpPOIIO MCCIEIOBAHHbIE YHUCIIEHHbIE pEIIECHUs: YpaBHEHHE
TEIUIONPOBOAHOCTH (mapabosinyeckoe YypaBHEHHE BTOpPOro mopsijka); ypaBHeHue Ilyaccona
(onunTHYecKoe  ypaBHEHHME Il CTAllMOHAPHBIX  IPOLIECCOB);  BOJHOBOE  ypaBHEHME
(TUnepOOTUYECKHM THIT).

Jlia kaxxaoi 3amaun GopMyIHpPYOTCSl HadallbHbIE U TPAHUYHBIE YCIOBHS, 00€CIIEUYNBAIOLINE
KOPPEKTHOCTh U YCTOMYMBOCTB YMCIIEHHOTO pelieHus. /i pelieHns ypaBHEHUN MareMaTHueCcKou
(U3MKN UCTIONB3YIOTCS CIEIYIOIUEe YUCIEHHBIE CXeMbI: MeToJ KoHeuHbIX pasHoctedt (MKP) —
IPOCT B peau3aliu, 1no3BoiseT 3(p(ekTuBHO pemaTh 337a4d Ha MPSIMOYTOJBHBIX CETKaX; METOJ
KoHeyHbIX 37eMeHToB (MKD) — npumenum it oGnacteil mpou3BOiIbHOM (OpMBI U 3a1ad c
nepeMeHHbIMU Ko duimeHTaMu; MeToa KOoHEUHBIX 006EMOB (MKQO) — ucnonb3yercs aiis 3a1ad, B
KOTOPBIX TpeOyeTcsi coxpaHeHue (pru3nyecKux HHBAPUAHTOB (MAcChl, HEPTUH U T.1.). BeiOop MeTona
OCYILECTBIIAETCS B 3aBUCUMOCTH OT THIA 3a7a4M, GOpMbI 001acTH U TpeOyeMOoil TOUHOCTH.

B pabote ucnonb3yercs si3plk mporpammupoBaHus Python kak ruOkas u yHuUBepcaibHas
atdopma AJis HayYHbIX BBIYUCICHHM.

Jlns obecriedeHusi BBICOKOM NMPOU3BOAUTENIHOCTU MPUMEHSIOTCS CIEAyIoUIe OHOINOTeKu:
NumPy/SciPy — peanu3anuss 0a30BbIX omnepanuii JUHEHHOW anredpbl, MHTETPUPOBAHUS H
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mupdepennmpoBanuss; Numba — JIT-koMOwisiTop, YCKOPSIIOUTUN BBITIOJIHEHUE IIMKJIOB |
Berunciennii Ha CPU; CuPy — GPU-ananor NumPy, o6ecnieunBarommii yCKOpeHHE BEIYUCICHUN Ha
rpaduueckux mporeccopax; Dask — opranuzaius napaieNbHbIX U pacrpeaeEHHBIX BEIYUCICHUN;
PETSc / petsc4py — HHCTPYMEHTBI JJIsl PELICHUS Pa3pPEeKEHHBIX CHUCTEM JIMHEHHBIX YPaBHEHUN Ha
MHOTOIIPOIIECCOPHBIX ~ cucTemax; [rilinos — wmomynapHas OuOIMOTEKa I PEIICHHS
MHOTOMacHITa0HbIX 33]a4 U JIMHEHHBIX CUCTEM OOoJIbIIONH pazMepHOCTH. Takoil moaxoxa Mmo3BosieT
rHOKO TIEPEXOAUTh OT OJHOIPOLECCOPHBIX TECTOB K MAaCIITa0MPYEeMbIM MHOTONPOLIECCOPHBIM
pacuéram U ucrnosb3oBars npenmyiuecrsa GPU.

Jiisa  mnoBbimieHUst 3(GQGEKTUBHOCTH  pacuy€TOB MPUMEHSIOTCA  CJEIYIONIME IOAXO/bI:
BEKTOpHU3allMsl Olepaluid — 3aMeHa LHMKJIOB Ha MaTpUYHble OINepald C HCIOJIb30BAHUEM
NumPy/CuPy; JIT-kommmisinus ¢ momouibio Numba aist yckopeHus koja 0e3 W3MEHEHHS JIOTHKH
anroputmoB; GPU-yckopenune — mepeHoc Hamboliee pecypco€MKHX dYacTedl MporpamMmbl Ha
rpaduueckuii npoueccop ¢ nomoinbio CuPy; pacnpenenéHubie BoIYHCIEHUS — HCTONb3oBanue Dask
u PETSc myist mapannenbHOro penieHus 3ajiad Ha Kiactepe; npoQuinpoBaHue Koja — aHaIU3 Y3KUX
MECT C TOMOIIBI0 HHCTPYMEHTOB cProfile, line profiler u Bctpoennsix cpeacts Python. Pesynbrars
ONITUMH3AINY aHATTM3UPYIOTCS TI0 TIOKA3aTEISIM YCKOPEHUs, SPPEKTUBHOCTH U MAaCIITA0OMPYEMOCTH.

Jlia aHanu3a MONyYEeHHBIX PEe3yJIbTaTOB HCIONB3YIOTCS KOJWYECTBEHHBIE M Ka4eCTBEHHbIE
MOKa3aTelli: TOYHOCTh YHCICHHOTO PEHIeHUs] OTHOCUTENILHO aHAMTUYECKOT0; YCTOMYUBOCTh CXEM
NpU MU3MEHEHHH IIara CEeTKU W IIara BPEMEHH; BPEMs BBINOJIHEHUS Ha Pa3IMYHBIX apXUTEKTypax
(CPU, GPU, kmactep); yckopenue (speedup) u 3deKTHBHOCTh TapauIeNbHBIX BBIYUCIICHU;
rpaduyeckas BU3yalld3alus Mojiel peleHuil u pacnpeaencHuii onmoox.

Jna Busyanuzanuu npumeHsrorcs Oubnuorekn Matplotlib u Plotly, a Takxke cpenctpa
nocTpoeHust oT4¢ToB Ha 6asze Jupyter Notebook.

Bce mporpaMMmHBIE peanu3anyy  CONMPOBOXKIAIOTCS JAOKYMEHTHPOBAHHBIMU ITapaMeTpaMu
HKCIIEPUMEHTOB (pa3Mep CETKM, LIar BpPEeMEHM, THUIl TPaHWYHbIX YycinoBuil). s obecneueHus
BOCIIPOM3BOAMMOCTH CO3JIAI0TCSl KOH(UTrypanuoHHble (alinbpl ¢ HacTpoWKaMu, a pe3yJabTaThl
COXpaHSI0TCA B €AMHOM (opmare i MOCIEAYIOIIEro aHajln3a.

DKcnepumMeHmanbHas 4acmo U aHaIu3 pe3yibmamos

OCHOBHOM  ILIENIBI0O  DKCIEPUMEHTAIBHOM 4YacTH SABISAETCS IPAKTUYECKas IpOBEpKa
3¢ ($EeKTUBHOCTH U TOYHOCTH YHMCIEHHBIX METOJOB PEIIEHUs 3a/]a4 MareMaTH4ecKol (pu3mku mnpu
HCIOJIb30BaHUH COBPEMEHHBIX OMONIMOTEK  BBICOKOIPOU3BOAUTEIBHBIX BBIUHCIICHU.
OKCIIEpUMEHTHI HallPaBJICHBl HA CPABHEHME TPEX acnekToB: [[pon3BOANTENBHOCTH BBIYMCICHUIN Ha
CPU, GPU wu pacnpenenéHublx cucreMax; TOYHOCTH M YCTOMYMBOCTH IPHUMEHEHHBIX YMCIIEHHBIX
cxeM; MacitabupyeMoCTH pelIeHU IpH YBEIMUEHUH pa3Mepa CETKH U YHclia IPOLECCOB.

[IporpaMMHo-amnmaparHass cpeia 3KClIepuMeHTOB. /[ peanuzanuu W TECTUPOBAHUS
YHUCJIEHHBIX METOJOB HCIOJIb30BAINCH CIEAYIOUIME aNnMlapaTHble W IPOTPAMMHBIE CPEICTBA:
ITpouieccop (CPU): AMD Ryzen 9/Intel Core 19; I'paduueckwnii npoueccop (GPU): NVIDIA RTX
4090/A100; Onepaunonnas cuctema: Ubuntu 22.04 LTS; Cpena pazpabotku: Jupyter Notebook,
Visual Studio Code; f3pik mporpammupoBanus: Python 3.11; bubnmuorexku: NumPy, SciPy, Numba,
CuPy, Dask, PETSc4py, Matplotlib, Plotly.

Bce skcniepMeHTh TPOBOAMIIMCH NIPU OJJMHAKOBBIX MapameTpax 3afaqd, 4ToObl 00eCeYnTh
COIIOCTaBUMOCTB PE3YJIbTAaTOB.

Oxcnepumenm . YpaBHEHHE TEIUIONMPOBOAHOCTH (Mapaboiaudeckuii Tui). MaTemarudeckas

ou 2%u  9%u
MOJIeNb: —— = a(ﬁ + 6_3/2)’ rae u(x,y, t) — reMreparypa, @ — KO3(PQPHUITUEHT TEIIONPOBOTHOCTH.

Yucnennviii Memoo: HesIBHas cxeMa MeTosia KoHeuHbIX pasHocteit (MKP). Pasmep cerku: 1000
% 1000 y3mnoB. [ar no Bpemenu: 0.001 c. CpaBuuBanuch peanuzauun: CPU (NumPy) — 6azoBas
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peanuzanus Ha omHOoM sjpe; CPU+Numba — JIT-xkommumnsinus ¢ ontumuzanuent mukioB; GPU
(CuPy) — peamuzamms Ha rpadudeckom mporeccope; Pacnpenenénnas Bepcust (Dask) —
BEITIOJTHEHHE 3312491 HA HECKOJIBKUX y3JIaX.

Memoo Bpems pacuéma, ¢ Ycxopenue omnocumensno CPU Cpeonss owubka
CPU (NumPy) 25.4 1.0x 0.00012
CPU + Numba 7.8 3.3x 0.00012
GPU (CuPy) 1.2 21.2x 0.00013
Dask Cluster 0.9 28.2% 0.00011

BoiBon: GPU-yckopenue u pacnpeiesiéHHble BBIYMCICHUS TO3BOJIAIOT TOCTHYb YCKOPEHHS 10
25-30 pa3 6e3 moTepu TOYHOCTH.

Oxcnepumenm 2. Ypapaenue Ilyaccona (3/IMNTHYECKUM THIT).

Monens: V2u(x,y) = f(x,y) ¢ rpaauussiMu ycnoBusmu Jlupuxiie.

UucneHHsblid METOJI: METOJT KOHEUHBIX 1emMeHToB (MKD).

Peanmuzanus: 6ubnuorexka PETSc4py, ucnonb3yroias mapamienbHOe pelieHHe pa3peskeHHbIX
CUCTEM ypaBHEHUM.

Pazmep cemxu Bpemsa (CPU) Bpems (MPI/ PETSc) Yekopenue
100x100 32¢ l.lc 2.9x
500%500 88.5¢ 12.7¢ 6.9%
1000x1000 >300 ¢ 31.6¢ 9.5%

BeiBoa: Mcnonbs3zoBanue PETSc obGecneunBaer nuHelHyr0 MacmITaOUpyeMOCTb C POCTOM
CETKH, YTO OCOOCHHO BaYKHO JJIS 33/1a9 OOJIBIION pa3MEPHOCTH.

Oxcnepumenm 3. BonHoBoe ypaBHeHHE (THIIEpOOIMYECKHI THIT)

Monens: E(;ZTZ = c?V%u

Meton: siBHas cXxeMa KOHEYHBIX Pa3HOCTEN BTOPOTo MOpPsAKa.

Oco0eHHOCTh: BBIYMCIUTENbHO MHTEHCUBHAS ONepalisi OOHOBIIEHUS CETKH.

CpaBuenune peanuzanun: NumPy (6a3oBas Bepcus); CuPy (GPU-Bepcus).

Memoo Pazmep Bpemennvie wazu Bpema Yexopenue  Cpeoussa owubka
cemxu pacuéma, ¢
NumPy (CPU) 2000x2000 2000 340 1% 0.00014
CuPy (GPU) 2000x2000 2000 9.7 35x 0.00015
Dask Cluster 2000x2000 2000 7.5 45x% 0.00014

ITpu cerke 2000%2000 u 2000 Bpemennsix marax GPU-Bepcust nokasana yckopeHue B 35 pa3
110 cpaBHeHUIO ¢ NumPy npu oAMHaKOBON TOYHOCTH.

Buzyanuzayus pezynomamos. J|ns1 aHann3a W NpeiCTaBICHUS PE3yJIbTAaTOB 3KCIIEPHUMEHTOB
ucnosb3oBaiguchk Onbnuorexu Matplotlib u Plotly.

1. Matplotlib — nunamMuka ommOKHM BO BpeMmeHU (mpumep i BosHOBOro ypaBHEHMS)
(Pucynok 1).
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Pucynok 1. luramMuka ommOKH BO BpEMEHH
2. Plotly — wuHTepakTMBHAs TOBEPXHOCTh pemIeHHs (IMpUMEp MIJs TEIJIONPOBOJHOCTH)
(Pucynox 2).
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PucyHok 2. 3aBHCUMOCTD OIMOKH OT BpEMEHU
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3axnrouenue

B pesynbrate mnpoBenéHHOW paboOThl OBLIM HCCIENOBAHbI, PEATH30BaHbl U CPABHEHBI
YHUCIIEHHBIC METOJbI PENICHHS OCHOBHBIX 3a/1a4 MaTreMaTH4ecKoW ¢u3uku (mapaboimyeckoro,
AIUTUNTHYECKOTO U THUNEPOOTMYECKOTO THUIIOB) C MPUMEHEHHEM COBPEMEHHBIX OWOTMOTEK st
BBICOKOTIPOM3BOIUTENIbHBIX BhIUMCICHUN. [IpakTuyeckas IEHHOCTh MCCIEIOBAHMS 3aKIII0YaeTCs B
JI€MOHCTpAIIMH TOTO, KaK KJIIaCCHYECKUE YHCIICHHBIE METOIbI MOTYT ObITh 3()(heKTUBHO peann30BaHbl
C UCTIOJIb30BaHHEM COBPEMEHHBIX WHCTPYMECHTOB napaiebHbIX BBIYHCIICHUN.
Pesynprarel MOTYT TPHMEHSATHCS JUIS: MOACITUPOBAHUS TEIUIOBBIX, MEXAaHUYECKUX M BOJHOBBIX
MPOLIECCOB B MHXKEHEPHBIX CHUCTEMax; pa3pabOTKH y4eOHBIX U UCCIIEIOBATEIbCKUX MPOTrPAMMHBIX
KOMITJIEKCOB IO BBIYMCIUTENBHON (PU3MKE; YCKOPEHUsS pacyéToB B 3ajjadyax MaTepUalOBEICHMS,
THAPOJMHAMHKYA W KJIMMAaTHYEeCKOTO  MOJCIMPOBAHUS, OOy4YCHHsSI CTYAEHTOB  METOJaM
BBICOKOTIPOM3BOIUTEIBHBIX BBIUMCICHUHN C HCMonb3oBanueM Python. Hayunas HOBU3HA pabOTHI
COCTOMT B KOMIUIEKCHOM TOAXOZE K MCCIIEOBAHUIO YMCICHHBIX METOJOB C YYETOM COBPEMEHHBIX
apxutektyp (CPU/GPU/knactep) u npuMEHEHUH mapaiienbHbix Oubnuorexk Python ans
ONTHMHU3AIMKA BHIUMCICHUNA. BriepBpIe TPOBEICHO [ETaNbHOE CpPaBHEHUE IPOM3BOIUTEIBHOCTH
pa3HBIX TIOAXOJOB HA OJMHAKOBBIX 3aJadaX C aHaIU30M YCKOpeHHs, J(P(EKTUBHOCTH H
YCTOMYUBOCTH.
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INTERDISCIPLINARY ANALYSIS OF ECOLOGICAL MONITORING OF
MICROSCOPIC FUNGI, BIOAEROSOL DYNAMICS, AND RISK FACTORS FOR
HUMAN HEALTH IN THE RESIDENTIAL ENVIRONMENT OF BAKU
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MEXJIUCHUILIMHAPHBIN AHAJIA3 YKOJOT MUECKOI'O MOHUTOPUHTA
MUKPOCKOIINYECKUX I'PUBOB, IMHAMUKHA BHpA3PO30.JIEfI N ®PAKTOPOB
PUCKA JJIA 310POBbS YEJIOBEKA B )KUJIOU CPEJAE I'OPOJA BAKY

O©banakxanoea I'. B., ORCID: 0000-0002-1709-1442, xano. buon. Hayx,
A3zepbatiorcanckuil 20Cy0apcmeeH bl Neda2ocuyecKull yHugepcumen,
2. baky, Azepbatioscan, 19 _bq 91@mail.ru

Abstract. Ecological monitoring of airborne microfungi in the residential environment of Baku
during 20242025 revealed that their seasonal and spatial distribution is closely associated with urban
climatic conditions, humidity fluctuations, and anthropogenic impacts. During the dry summer season
(humidity <70%), Alternaria alternata, Alternaria tenuissima, Cladosporium cladosporioides, and
Cladosporium herbarum were dominant, with average concentrations ranging from 450 to 850
CFU/m?, contributing significantly to allergic diseases such as rhinitis and asthma. In the autumn—
winter period (humidity 70-85%), species such as Aspergillus niger, Aspergillus flavus, Aspergillus
fumigatus, Fusarium spp., Mucor spp., Rhizopus spp., and Stachybotrys chartarum prevailed, with
concentrations increasing to 1300-1950 CFU/m? and posing a higher risk of invasive mycoses.
Spatial analysis indicates that the highest fungal diversity occurs in urban parks and green areas
(Shannon index 2.75-2.95), whereas the lowest diversity is recorded in industrial districts (1.85—
2.10), where heavy-metal-tolerant species dominate. Aerodynamic distribution confirmed by the
Andersen impactor demonstrates that spores larger than 4.7 um predominantly deposit in the upper
respiratory tract, whereas particles smaller than 2.1 um penetrate into the alveolar region of the lungs.
Risk assessment categorizes species into critical (4. flavus, A. fumigatus; HQ 0.9-1.0), hazardous
(Stachybotrys, Fusarium), and moderate (Cladosporium) groups. The synergistic interaction between
PM2.5 particles and fungal bioaerosols enhances immunosuppression and respiratory disorders due
to the combined action of particulate matter and mycotoxins. These findings highlight the necessity
for continuous aeromycological monitoring, Al-based predictive models, and expansion of urban
green zones.

Annomayus. IKOIOTUIECKUA MOHUTOPUHT BO3YIIHBIX MUKPOCKOIIMUYECKUX IPUOOB B HKUIION
cpene ropoaa baky B 2024-2025 rr. nokasai, 4TO MX CE30HHOE U IPOCTPAHCTBEHHOE paclpeeiieHue
TECHO CBSI3aHO C TOPOJICKMMM KIMMaTHYECKUMH YCJIOBHUSIMH, KOJEOaHUSMU BIQXKHOCTH H
aHTPONOTeHHBIM Bo3/elicTBUEM. B 3acynuinBelii geTHuii nepuos (BnaxHocTs <70%) noMUHUpOBAIN
Alternaria alternata, Alternaria tenuissima, Cladosporium cladosporioides w Cladosporium
herbarum co cpeqaumu koHieHTpanusMu oT 450 no 850 KOE/M?, 4To 3HAUNTENBHO CIIOCOOCTBYET
Pa3BUTHIO aJlIepruyeckux 3a0oJieBaHUM, TaKUX KaK PUHUT U acTMa. B oceHHe-3uMHUI mepuon
(Bmaxxnocte 70-85%) mpeobnamamu Bunbl Aspergillus niger, Aspergillus flavus, Aspergillus
Sfumigatus, Fusarium spp., Mucor spp., Rhizopus spp. u Stachybotrys chartarum, npu 3ToM
KOHIIeHTpauuu yBenuuusaauch 10 1300-1950 KOE/M?, uTo moBbIIIaeT puCK pa3BUTUSI MHBA3UBHBIX
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MUKO030B. [IpoCTpaHCTBEHHBIN aHAIHN3 MTOKA3bIBAET, YTO HANOOJIbIIIEe BUAOBOE pa3HOOOpa3ue rpuooB
HaOII0JaeTCsl B TOPOJCKHMX IMapkax M 3en€HbIX 30Hax (umHaekc lllenHona 2,75-2,95), Torma kak
HauMEHbIIee — B MPOMBIIUIEHHBIX paiioHax (1,85-2,10), rae 1OMUHUPYIOT BUIBI, YCTONYMBBIE K
TSOKENBIM  MeTaJIaM.  ADPOJMHAMUYECKOE paCHpeeieHUe, TMOATBEPKAEHHOE C TOMOIIbIO
UMIIaKTOpa AHJEpCeHa, JEMOHCTPUPYET, UTO CHOPHI pazmepoM Ooiiee 4,7 MKM MPEUMYIIECTBEHHO
OCealoT B BEPXHUX [IbIXaTENbHBIX IYTSAX, TOTJa KaK 4YacTUlbl MeHee 2,1 MKM NPOHHUKAIOT B
AJIBBEOJISIPHYIO 0011acTh JIErkux. O1eHKa prucka kiaccudumupyer Buabl Ha kputuueckue (4. flavus,
A. fumigatus; HQ 0,9—1,0), omacusie (Stachybotrys, Fusarium) u ymepenunsie (Cladosporium).
Cunepretudyeckoe B3aumojelicTBue dactull PM2.5 u TpuOHBIX OHO0a’p030JI€ YCHUIIMBAET
MMMYHOCYTPECCHIO M pecupaTOpHble HApyIIEHUsl BCIEICTBHE KOMOMHUPOBAHHOTO BO3JCHCTBUS
TBEPABIX YAaCTHI] U MHUKOTOKCHMHOB. IlojydeHHbIE pe3yJbTaThl MOTYEPKUBAIOT HEOOXOIUMOCTH
HEMPEPBIBHOTO a3POMHKOJIOTHUYECKOTO MOHUTOPHHTA, pa3pabOoTKU MPOTHOCTHYECKUX MOJENEH Ha
OCHOBE MCKYCCTBEHHOI'O MHTEIIJICKTa U PACIIUPEHHS TOPOICKHUX 3€JIEHBIX 30H.

Keywords: microscopic fungi, bioaerosol, seasonal distribution, airborne diversity, allergenic
species, toxigenic fungi, invasive mycosis, urban ecosystem.

Kniouesvie cnosa: MUKpPOCKONMYECKHE TIPUObI, OHO0a’3p0O30Jib, CE30HHOE paclpejiesieHue,
BO3AYIIHOE pPa3HOOOpa3ue, ajuIepreHHble BUIBI, TOKCHTCHHbIE TPUObI, WHBA3HUBHBIH MHUKO3,
TOPOACKOM 3KOCUCTEMHBIN KOMIUIEKC.

Ecological monitoring of microscopic fungi, bioaerosol dynamics, and interdisciplinary
assessment of health risk factors in the residential environment of Baku represent one of the most
pressing and complex problems of biological air pollution in urban ecosystems. In a rapidly
developing metropolis such as Baku, characterized by a semi-desert and maritime climate,
anthropogenic factors including traffic emissions, intensive construction activities, industrial
discharges, oil extraction, and dust-laden air masses interact with seasonal humidity fluctuations
originating from the proximity of the Caspian Sea, significantly influencing the structure, density,
species diversity, and pathogenic potential of aeromycobiota. This phenomenon requires
interdisciplinary investigation encompassing ecology, microbiology, aerobiology, epidemiology,
public health, urban planning, and toxicology, and therefore possesses high scientific and practical
significance. Studies conducted in 2024-2025 demonstrate that the distribution of micromycetes
within the urban environment varies considerably between green areas (parks and gardens) and
industrial districts depending on the intensity of anthropogenic influence, thereby directly affecting
ecosystem stability and public health [1].

Globally, bioaerosols defined as airborne biological particles including fungal spores, hyphal
fragments, and mycotoxins are recognized as an important biological component of air pollution.
Reports of the World Health Organization indicate that these particles are among the major factors
contributing to the increasing prevalence of allergic diseases, bronchial asthma, respiratory infections,
and invasive mycoses in immunocompromised individuals. In urban environments, anthropogenic
activities significantly increase bioaerosol concentrations, while climate change further intensifies
these processes through rising humidity levels, temperature fluctuations, and extreme weather events
[2].

In Baku, studies of aeromycobiota have been conducted mainly during 2024-2025 by the
Institute of Microbiology of the Azerbaijan National Academy of Sciences and other scientific
institutions. Monitoring carried out in various biotopes of the Absheron Peninsula including grey-
brown soils, urban parks, residential districts, historical areas, and industrial zones has revealed that
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when air humidity exceeds 70%, the proportion of opportunistic pathogenic fungi (BSL-2 group)
increases significantly [3].

Green zones are characterized by higher micromycete diversity (58 species belonging to 22
genera), whereas industrial areas exhibit lower diversity dominated by pollution-tolerant taxa. Under
low-humidity conditions, particularly during the dry summer season, dominant species include
Alternaria alternata, Alternaria tenuissima, Cladosporium cladosporioides, and Cladosporium
herbarum. Their combined proportion varies between 40—65%, spore sizes generally range from 10—
75 pm, and concentrations remain at approximately 400-800 CFU/m?. During periods of high
humidity especially in autumn and winter, as well as in spring (March—May) species such as
Aspergillus niger, Aspergillus flavus, Aspergillus fumigatus, Paecilomyces variotii, Fusarium
moniliforme, Mucor spp., Rhizopus spp., Stachybotrys chartarum, Ulocladium spp., Aspergillus
terreus, and Trichoderma harzianum become dominant. In these conditions, the proportion of rare
species increases to 35-45%, and the total concentration reaches 1200-1800 CFU/m?.

This pattern is determined by the geographical position of Baku, where the humidity effect of
the Caspian Sea and the influence of desert dust transport interact with intensive urbanization. Traffic
flows and construction activities facilitate the dispersion of bioaerosols, whereas parks and green
areas act as natural reservoirs of fungal propagules. In industrial zones, the distribution of
micromycetes shows a negative correlation with heavy metal concentrations (Pb, Zn, Cu) (r =-0.68),
while in green areas a positive correlation is observed with humidity and organic matter content (r =
+0.74).

Aeromycobiota dynamics in Baku exhibit seasonal, diurnal, and microclimatic variability.
During spring and autumn, when humidity ranges between 65-85%, spore release reaches peak
levels; in winter, cold and dry conditions reduce fungal concentrations to minimum levels; while in
summer dust-laden air masses favor the predominance of Alternaria and Cladosporium species.
Regarding diurnal patterns, spore concentrations increase during daytime hours particularly between
10:00 and 16:00 due to rising temperature and wind intensity, whereas at night increased humidity
enhances deposition processes.

Measurements using Andersen cascade impactors indicate that spores larger than 4.7 um
deposit primarily in the upper respiratory tract and may cause allergic rhinitis and sinusitis, whereas
particles smaller than 2.1 pm penetrate the alveolar region, increasing the risk of invasive
aspergillosis. Observations conducted in 2024-2025 also suggest that climate-change-induced
increases in humidity further complicate bioaerosol dynamics, particularly in residential areas.

Significant spatial differences have also been recorded across the city. Districts characterized
by intensive traffic show higher bioaerosol densities, whereas park zones contain predominantly
natural fungal communities. In historical urban areas, rare species such as Mucor, Stachybotrys, and
Ulocladium have been detected, which requires particular attention from the perspective of
mycological safety of cultural heritage structures.

Green zones display a balanced trophic structure of micromycetes: saprotrophs (68%),
mesotrophs (21%), and xylotrophs (11%), whereas industrial areas are characterized by a higher
proportion of saprotrophs (52%) and facultative parasites (34%). The Shannon diversity index reaches
2.88 in green zones and 1.96 in industrial areas, demonstrating the negative impact of pollution on
biological diversity.

Microscopic fungi exert allergenic, toxigenic, and pathogenic effects on human health. Species
of Alternaria, Cladosporium, and Aspergillus are major triggers of allergic rhinitis, conjunctivitis,
bronchial asthma, and allergic bronchopulmonary aspergillosis. In Baku, a clear correlation has been
observed between seasonal peaks of bioaerosols and increased incidence of asthma. Species such as
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Stachybotrys chartarum and Aspergillus flavus produce potent mycotoxins including aflatoxins and
satratoxins, which may cause chronic respiratory irritation and immunosuppression.

Among anamorphic fungi distributed in Azerbaijan, including the surroundings of Baku, 84%
of the 94 recorded species are polyphagous. According to risk classification, these fungi are divided
into four groups: Group I (critical risk) — 8 species (e.g., Alternaria alternata, Aspergillus flavus);
Group II (hazardous) — 12 species (e.g., Botrytis cinerea); Group III — 23 species; and Group IV — 17
species. These fungi also cause plant diseases and may indirectly affect human health through the
food chain.

In immunocompromised individuals including cancer patients, transplant recipients,
individuals with diabetes mellitus, and carriers of HIV/AIDS species such as Aspergillus fumigatus
and Mucor can cause invasive aspergillosis and mucormycosis, which are recognized as significant
causes of mortality in both hospital and domestic environments. Risk groups include children, the
elderly, allergic individuals, and residents of densely populated urban districts.

Risk assessment based on the Hazard Quotient (HQ) indicator shows that in most areas HQ <
1; however, the synergistic interaction between bioaerosols and PM2.5 particles significantly
increases health risks. Observations conducted during 2024-2025 also indicate that mycotoxins may
create additional risks through food contamination pathways.

Materials and Methods

The study material was collected from different functional zones of Baku, including residential
districts of Yasamal, Nasimi, Sabail, Khatai, and Narimanov, as well as park and garden areas such
as Dads Qorqud Park and Central Botanical Garden of Baku. Additional sampling sites included the
surroundings of Icherisheher, areas close to major transport highways, and industrial districts such as
Garadagh, Binagadi, Surakhani, and Alat. Sampling was conducted during 20242025 following both
seasonal (spring, summer, autumn, winter) and diurnal regimes (morning 09:00-10:00, midday
13:00-14:00, evening 17:00—18:00). Meteorological parameters, including air temperature, humidity,
wind speed, and wind direction, were recorded during each sampling event and incorporated into the
monitoring protocol. Collected samples included air, soil, and plant residues, and more than 500
samples were analyzed in total.

Both active and passive sampling methods were applied. Active sampling was performed using
a PU-1B type aspirator (locally manufactured in Azerbaijan) and a six-stage Andersen-type cascade
impactor or its analogue FA-1 sampler. The PU-1B aspirator was adjusted to an airflow rate of 20—
30 L/min, sampling 60—150 L of air within 3—5 minutes. The Andersen/FA-1 impactor separated
airborne particles into six aerodynamic fractions (=7.0 um, 4.7-7.0 um, 3.3—4.7 um, 2.1-3.3 um,
1.1-2.1 pum, and 0.65-1.1 um), allowing the evaluation of their deposition potential in the human
respiratory system. The airflow rate was maintained at 28.3 L/min, with Petri dishes placed at each
stage. Passive sampling involved exposing 90 mm diameter Petri dishes to the air for 15-30 minutes,
allowing fungal spores to settle by sedimentation. This method is simple and effective for preliminary
assessments, although its quantitative accuracy is limited due to dependence on air currents. Soil
samples were collected using a standard route method and were used for classical mycological
identification.

For cultivation of fungal isolates, culture media such as Malt Extract Agar (MEA; malt extract
20 g/L, agar 15 g/L, pH 5.6-6.0), Sabouraud Dextrose Agar (SDA), and Czapek—Dox Agar were
used. To suppress bacterial growth, chloramphenicol (50-100 mg/L) was added to the media. Petri
dishes were incubated at 25-28°C for 3—7 days, after which colonies were counted and expressed as
CFU/m? (colony-forming units per cubic meter of air). For each sample, three parallel replicates were
performed.
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Identification of microscopic fungi was initially conducted based on morphological
characteristics such as colony color, texture, spore structure, and hyphal system. For this purpose, an
optical microscope (x400—x1000 magnification) and lactophenol cotton blue staining solution were
used. Dominant genera including Alternaria, Cladosporium, Aspergillus, Penicillium, and Fusarium
were identified according to standard mycological keys and taxonomic guides developed by experts
such as H. L. Barnett, John I. Pitt, and Robert A. Samson.

When necessary, molecular identification methods were applied. DNA extraction was carried
out using the CTAB method, followed by amplification of the ITS region using ITS1 and ITS4
primers. Sequencing was performed using the Sanger method, and the obtained sequences were
compared with the National Center for Biotechnology Information GenBank database using the
BLAST tool. The hazard level of fungal species was categorized into four groups based on proteolytic
activity, pathogenicity, and substrate specificity.

To evaluate bioaerosol dynamics, seasonal, diurnal, and spatial distributions were analyzed.
Risk categories based on aerodynamic particle size were calculated (>4.7 um for deposition in the
upper respiratory tract and <2.1 um for particles capable of reaching the alveolar region). Statistical
analyses were performed using the software packages SPSS and R. Mean values, standard deviations,
analysis of variance (ANOVA) for seasonal and spatial differences, correlation analysis (between
humidity, temperature, and fungal concentration), and post-hoc tests (Tukey) were applied. Risk
factors were assessed using the Hazard Quotient (HQ) index and synergistic effect models
considering interaction with PM2.5 particulate matter.

All procedures were conducted according to Biosafety Level-2 (BSL-2) standards. Laboratory
equipment was sterilized before each use with 70% ethanol or by autoclaving. To ensure reliability,
a minimum of 50—-100 samples were collected per season, resulting in several hundred samples
overall. The methodology was adapted to the specific climatic and urban conditions of Baku and
complies with both national research practices (including those of the Institute of Microbiology of
the Azerbaijan National Academy of Sciences) and international standards such as Andersen impactor
techniques and ISO/EPA recommendations.

Continuous ecological monitoring of microscopic fungi in the residential environment of Baku
is essential for assessing the mycological safety of the urban ecosystem, predicting bioaerosol
dynamics, and minimizing health risks. Data obtained during 2024-2025 indicate that pollution in
industrial zones reduces biological diversity and increases the spread of tolerant and pathogenic
species. Establishing continuous monitoring systems, developing artificial intelligence-based
predictive models, expanding urban green spaces, and strengthening public awareness initiatives
should therefore be considered key priorities for future research. This interdisciplinary analysis holds
significant scientific and practical importance for the sustainable development strategy of Baku and
for protecting public health.

Results and Discussion

The complex seasonal and spatial distribution of microscopic fungi in the urban ecosystem of
Baku, the dominant role of anthropogenic factors, and their potential impacts on human health were
systematically evaluated based on long-term interdisciplinary monitoring conducted during 2024—
2025. The monitoring was carried out using data obtained from the Institute of Microbiology of the
Azerbaijan National Academy of Sciences and other scientific institutions, as well as air and surface
samples collected from different functional zones of the city. The results indicate that the density and
species diversity of microscopic fungi are closely associated with air humidity, temperature, wind
direction, human activity, and industrial pollution [4].
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During the dry period, particularly in the summer season when humidity is below 70%, the
dominant species were Alternaria alternata, Alternaria tenuissima, Cladosporium cladosporioides,
and Cladosporium herbarum. Their total proportion ranged from 45-68%, while the average
concentration varied between 450—-850 CFU/m?, and spore size generally ranged from 10-75 pm.
These species are recognized as major triggers of allergic diseases such as rhinitis, bronchial asthma,
and other respiratory allergies. Higher concentrations approximately 20-35% above the city average
were observed in areas close to major traffic routes, particularly in densely populated urban districts.

During periods of increased humidity, including autumn—winter and the spring months (March—
May), when humidity ranges between 70-85%, dominant taxa included Aspergillus niger, Aspergillus
flavus, Aspergillus fumigatus, Paecilomyces variotii, Fusarium moniliforme, Mucor spp., Rhizopus
spp., Stachybotrys chartarum, Ulocladium spp., and Trichoderma harzianum. In this period, the
proportion of rare species increased to 38—48%, and the overall spore concentration reached 1300—
1950 CFU/m®. The increased proportion of opportunistic pathogenic species belonging to the BSL-2
group, together with humidity fluctuations associated with the nearby Caspian Sea, significantly
influences aeromycobiota dynamics in the city [5].

The seasonal distribution of microscopic fungi observed in Baku during 2024-2025 can
therefore be summarized as follows: in summer (<70% humidity), dominant species included
Alternaria alternata, Alternaria tenuissima, Cladosporium cladosporioides, and Cladosporium
herbarum, accounting for 45-68% of total fungal spores; spore size ranged from 10-75 um and the
mean concentration was 450-850 CFU/m?. In contrast, during autumn—winter and early spring (70—
85% humidity), dominant species included Aspergillus niger, A. flavus, A. fumigatus, Paecilomyces
variotii, Fusarium moniliforme, Mucor spp., Rhizopus spp., Stachybotrys chartarum, Ulocladium
spp., and Trichoderma harzianum. In these conditions, rare species accounted for 38—48% of the
fungal community, spore size ranged between 2—100+ um, and the mean concentration reached 1300—
1950 CFU/m?.

Spatial analysis demonstrates that biological diversity of microscopic fungi is highest in park
and green areas, including zones surrounding Central Botanical Garden of Baku and Dede Korkut
Park. In these areas, 55-62 species belonging to 20-24 genera were recorded, and the Shannon
diversity index ranged from 2.75 to 2.95. According to trophic structure, saprotrophs accounted for
65-72%, while mesotrophs represented 18-24%, indicating a strong biofilter function of green
spaces.

In residential districts of Baku, fungal density remained at moderate levels (800—-1400 CFU/m?).
However, traffic emissions and construction dust favored the dominance of tolerant species,
particularly Aspergillus. In industrial areas, including Garadagh, Binagadi, Surakhani, and Alat,
mycobiota diversity decreased significantly. The Shannon index ranged from 1.85-2.10, saprotrophs
accounted for 48—55%, and facultative parasites and heavy-metal-tolerant species represented 32—
40% of the fungal community. A negative correlation (r = —0.65 to —0.72) was observed between
heavy-metal concentration and fungal abundance. In historical areas surrounding Icherisheher, rare
fungal species were detected more frequently, increasing the risk of mycological degradation of
historical monuments [6].

Aerodynamic analyses indicate that spores larger than 4.7 um tend to deposit in the upper
respiratory tract, while particles smaller than 2.1 pm can penetrate into the alveolar region and
increase the risk of invasive mycoses. Diurnal patterns show that peak concentrations occur during
daytime hours due to increased temperature and wind speed, whereas nighttime conditions with
higher humidity promote deposition processes. Dominant allergenic genera (Alternaria,
Cladosporium, and Aspergillus) are associated with seasonal peaks of asthma and allergic diseases in
the city, with correlation coefficients ranging from r = 0.68 to 0.82.
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Toxigenic species such as Aspergillus flavus, Stachybotrys chartarum, and Fusarium spp.
produce mycotoxins that may cause immunosuppression, respiratory irritation, and additional toxic
effects through the food chain. According to hazard classification, fungal species were grouped into
risk categories: Group I (critical risk) included approximately 8—10 species, while Group II
(hazardous) included 12-15 species. Although the Hazard Quotient (HQ) remained below 1 in most
areas, synergistic interaction with PM2.5 particulate matter increased the risk by 1.5-2.2 times,
particularly for vulnerable populations such as children, the elderly, allergy sufferers, and
immunocompromised individuals. In hospital environments, an increasing number of invasive
mycosis cases has been observed.

The specific climatic and geographical conditions of Baku, including the humidity influence of
the Caspian Sea and the transport of desert dust, as well as rapid urbanization, differentiate the city’s
bioaerosol dynamics from general global urban trends. Increased humidity promotes rapid spread of
pathogenic fungi, while industrial pollution reduces biodiversity and favors tolerant species. These
findings are consistent with previous local studies, but observations from 2024-2025 suggest that
climate change particularly increased humidity and extreme weather events has intensified
aeromycobiota dynamics [7].

Among the proposed mitigation measures are the establishment of continuous aeromycological
monitoring systems, the application of artificial intelligence and machine-learning-based predictive
models, expansion of urban green areas and enhancement of their biological filtration function,
improvement of ventilation standards, and public awareness programs including seasonal allergy
forecasts and risk warnings for vulnerable groups. This interdisciplinary analysis provides a strong
scientific basis for integrating mycological safety into the sustainable development strategy of Baku,
and future studies should prioritize the application of real-time biosensors, molecular monitoring
techniques, and long-term epidemiological surveillance.

Table 1
SEASONAL DISTRIBUTION OF MiCROSCOPIC FUNGI IN BAKU (2024-2025)
Season / Dominant Species Proportion Spore Mean
Humidity (%) Size (um)  Concentration
(CFU/m?)
Summer / Alternaria alternata, A. tenuissima, 45-68 10-75 450-850
<70% Cladosporium cladosporioides, C. herbarum
Autumn— Aspergillus niger, A. flavus, A. fumigatus, 38-48 (rare  2-100+ 1300-1950
Winter / Paecilomyces variotii, Fusarium moniliforme, species) +
70-85% Mucor spp., Rhizopus spp., Stachybotrys dominant
chartarum, Ulocladium spp., Trichoderma taxa
harzianum

The data obtained for 2024-2025 demonstrate that during the summer season in Baku, when
humidity is generally below 70%, airborne fungal communities are dominated by Alternaria
alternata, Alternaria tenuissima, Cladosporium cladosporioides, and Cladosporium herbarum.
These species account for approximately 45-68% of all fungal spores detected in the air, with spore
sizes ranging between 10—75 pm and mean concentrations of 450-850 CFU/m?.

Autumn and winter months (with relative humidity of 70-85%) are characterized by more
humid air conditions, which lead to a significant increase in the overall concentration of fungal spores,
with the average concentration rising to 1300—-1950 CFU/m?. During this period, dominant species
include Aspergillus niger, Aspergillus flavus, Aspergillus fumigatus, Paecilomyces variotii, Fusarium
moniliforme, species of Mucor, species of Rhizopus, Stachybotrys chartarum, species of Ulocladium,
and Trichoderma harzianum. Although some of these species are relatively rare, their overall
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proportion varies between 38—48%, and spore sizes range widely from 2 pm to 100 pm and even
larger.

While in summer dry-air-adapted species such as Alternaria and Cladosporium, which are
known to trigger allergic reactions, tend to dominate, during the autumn—winter season moisture-
preferring saprotrophic and occasionally pathogenic fungi such as Aspergillus, members of the
Mucorales group, and other species increase sharply. This seasonal distribution creates a moderate
health risk for Baku residents in summer, whereas in autumn and winter the risk related to allergies
and respiratory problems becomes considerably higher.

According to zonal distribution, park and green areas (Sabail and Khatai districts, Dede Gorgud
Park, and the surroundings of the Botanical Garden) exhibit the highest diversity: 55—62 species and
20-24 genera, with a Shannon diversity index of 2.75-2.95; saprotrophs account for 65-72% and
mesotrophs for 18-24%.

In residential areas (Narimanov and Yasamal districts), fungal density is moderate (800—1400
CFU/m?), but due to anthropogenic influences such as traffic emissions and construction dust, tolerant
species tend to dominate. In industrial districts (Garadagh, Binagadi, Surakhani, and Alat), diversity
is significantly lower (Shannon index 1.85-2.10), with saprotrophs representing 48—55% and
facultative parasites and tolerant species (e.g., Aspergillus terreus and heavy-metal-resistant species)
accounting for 32-40%. A negative correlation has been observed with heavy metals such as Pb, Zn,
and Cu (r = —0.65 to —0.72). Around the “Icherisheher” area, rare species such as Mucor,
Stachybotrys, and Ulocladium have been recorded, posing a potential mycological risk to historical
monuments.

Table 2
ZONAL DIVERSITY AND TROPHIC STRUCTURE OF MICROSCOPIC FUNGI IN BAKU
Zone Number  Number Shannon Saprotrophs  Mesotrophs  Facultative
of of genera index (%) (%) parasites /

species Tolerant (%)
Parks / Green zones ~ 55-62 20-24 2.75-2.95 65-72 18-24 8-10
Residential areas 42-50 15-19 2.30-2.55 58-62 15-18 25-28
Industrial zones 30-36 12-15 1.85-2.10 48-55 12-16 32-40

Aerodynamic distribution confirmed by Andersen impactors shows that spores larger than 4.7
um (large particles, 55-70%) tend to deposit in the upper respiratory tract and can trigger allergic
rhinitis, sinusitis, and conjunctivitis, whereas particles smaller than 2.1 um (fine particles, 25-38%)
penetrate into the alveoli, increasing the risk of invasive aspergillosis and mucormycosis, particularly
in immunocompromised individuals. According to the daily rhythm, peak concentrations occur
during daytime hours (10:00-16:00) due to increased temperature and wind activity, while higher
humidity at night enhances particle deposition.

From a public health perspective, dominant allergenic species (Alternaria, Cladosporium, and
Aspergillus) contribute to seasonal increases in asthma and allergic diseases in Baku, particularly
during autumn and spring, with a correlation coefficient of r = 0.68—0.82. Toxigenic species such as
Aspergillus flavus, Stachybotrys chartarum, and Fusarium spp. produce mycotoxins (aflatoxin B1,
ochratoxin A, fumonisins, and satratoxins), which may cause long-term respiratory irritation,
immunosuppression, and additional risks through the food chain.

In Baku, the health risk associated with microscopic fungi is assessed according to three main
hazard groups: I — Critical, II — Dangerous, and III — Moderate. These groups are determined based
on the Hazard Quotient (HQ), synergistic effects with PM2.5, and target population groups. The HQ
indicator compares exposure levels with a reference dose; HQ <1 indicates low risk, HQ =1 indicates
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marginal risk, and HQ >1 indicates increasing risk. Synergistic risk with PM2.5 is associated with the
deeper penetration of fine dust particles combined with fungal spores into the respiratory system,
enhancing inflammatory responses.

Table 3
RISK ASSESSMENT OF DOMINANT ALLERGENIC AND TOXIGENIC FUNGI IN BAKU
Hazard group Example species Risk level HQ Synergistic Target population
(Hazard risk with
Quotient) PM2.5
I (Critical) A. flavus, A. Very high 0.9-1.0 1.5-2.2 Children, elderly,
Fumigatus immunocompromis
ed
II (Dangerous) Stachybotrys High 0.5-0.8 1.5-2.0 Allergic
chartarum, Fusarium individuals, general
spp., Alternaria spp. population
IIT (Moderate) Cladosporium spp.,  Moderate <0.5 1.2-1.5 General population

Ulocladium spp.

The first group (critical risk group) represents the highest hazard level and is mainly associated
with Aspergillus flavus and Aspergillus fumigatus. For this group, HQ values range between 0.9 and
1.0, indicating exposure levels close to the reference dose and minimal protection against non-
carcinogenic effects. The synergistic risk with PM2.5 ranges from 1.5 to 2.2, facilitating the
penetration of these spores into the alveoli and increasing inflammatory responses, particularly among
children, elderly individuals, and immunocompromised patients. Aspergillus fumigatus may cause
invasive aspergillosis in immunocompromised individuals, leading to severe lung infections, sepsis,
and potentially death. In urban environments it may also trigger allergic reactions, shortness of breath,
coughing, and long-term pulmonary fibrosis, while its mycotoxins may lead to immunosuppression
and worsening of chronic diseases. Aspergillus flavus produces aflatoxin B1, which can cause allergic
bronchopulmonary aspergillosis and sinusitis when inhaled and may contribute to liver toxicity and
carcinogenic risk with prolonged exposure.

The second group (dangerous risk group) includes species with moderate-to-high risk levels,
with HQ values ranging from 0.5 to 0.8 and synergistic effects with PM2.5 between 1.5 and 2.0. This
indicates that fungal spores combined with urban dust pollution may intensify allergic and toxic
effects. This group includes Stachybotrys chartarum, Fusarium spp., and Alternaria spp.
Stachybotrys chartarum produces mycotoxins that damage cells and may cause respiratory irritation,
headaches, fatigue, skin rashes, and immunosuppression; in children it has been associated with
potential pulmonary hemorrhage. Fusarium spp. produce fumonisins that may cause allergic
reactions and neurological effects. Alternaria spp. are known aeroallergens that trigger asthma and
allergic rhinitis. This group mainly poses risks for allergic individuals and the general population,
particularly in industrial areas.

The third group (moderate risk group) represents the lowest risk level, with HQ values below
0.5 and synergistic effects with PM2.5 ranging from 1.2 to 1.5. This group includes Cladosporium
spp. and Ulocladium spp. These fungi mainly cause allergic reactions and generally do not produce
strong toxic effects; therefore, the target population is the general public, particularly healthy
individuals. Nevertheless, prolonged exposure and interaction with PM2.5 may increase allergic
responses in sensitive individuals.

Overall, risk levels increase seasonally during autumn and winter and spatially in industrial
districts, where the synergistic effect of PM2.5 and fungal spores further intensifies health risks. For
example, an increase in PM10 concentration may raise Aspergillus spore concentrations up to
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fourfold. Therefore, continuous environmental monitoring, improvement of ventilation systems,
expansion of urban green areas, and targeted warning measures for risk groups are recommended [8].

Aerodynamic distribution and its impact on the respiratory system (Figure). Figure 1.
Schematic representation of the Andersen impactor and deposition of fungal spores in the human
respiratory tract according to particle size (large spores >4.7 um deposit mainly in the upper
respiratory tract, while smaller spores <2.1 pm penetrate into the alveoli).

>7.1um Nasal/oral cavity

4.7-7.1um | Pharynx

3.3-4.7um | Tracheaand
primary bronchi

A

2.2-3.3um

1.1-2.2pm | Terminal bronchi

o
®
x

Alveoli

1.1ym

Aero-
dynamic
diameter

Figure. Principle of operation of the Andersen six-stage viable cascade impactor and the deposition
regions of bioaerosols in the human respiratory system according to aecrodynamic diameter

The figure illustrates the operating principle of the Andersen six-stage viable particle impactor
and the regions of deposition of bioaerosols (airborne microorganisms, fungal spores, bacteria, and
other viable particles) in the human respiratory tract according to their aerodynamic diameter. This
device is a multi-orifice cascade impactor widely used for measuring the concentration and particle-
size distribution of airborne aerobic bacteria and fungi in indoor (intramural) or ambient air. The
calibration process is based on aerodynamic measurement, which directly corresponds to the
penetration ability of particles into the human lungs regardless of their physical size, shape, or density.

The cylindrical metal structure shown on the left side of the figure operates at a standard airflow
rate of 28.3 L/min. Air enters from the top and passes through 400 precisely sized orifices (jets) at
each stage, separating particles by inertial impaction and collecting them in Petri dishes containing
agar medium. As the aerodynamic diameter decreases from large to small, larger particles are
captured in the upper stages while smaller particles pass through to the lower stages.

The stages and their corresponding deposition regions in the respiratory system according to
aerodynamic diameter ranges are as follows:

Stage (1) (>7.1 pm): The largest particles deposit in the nasal and oral cavity. Fungal spores of
this size (e.g., large spores of Alternaria and Cladosporium) are mainly retained in the upper
respiratory tract and may cause local reactions such as allergic rhinitis, sinusitis, or conjunctivitis.

Stage (2) (4.7-7.1 pm): Medium-large particles deposit in the pharynx. This size range is often
associated with throat irritation and coughing.

Stage (3) (3.3—4.7 um): Particles deposit in the trachea and primary bronchi. Particles of this
size can enter the major bronchial airways and may contribute to diseases such as asthma or
bronchitis.
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Stage (4) (2.2-3.3 um): Particles deposit in the secondary bronchi, where allergens and
pathogens may trigger allergic and inflammatory responses in the middle bronchial region.

Stage (5) (1.1-2.2 pm): Particles are retained in the terminal bronchioles. In these small
airways, particles may exacerbate asthma attacks or chronic obstructive pulmonary diseases.

Stage (6) (0.65—1.1 pm): The smallest particles penetrate into the alveoli. This size range
increases the risk of invasive infections (e.g., invasive aspergillosis caused by Aspergillus fumigatus
or mucormycosis), particularly in immunocompromised individuals, because pathogens reaching the
alveoli may spread systemically.

Thus, the figure represents the human respiratory system as an aerodynamic classification
model: large particles (>4.7 um) tend to deposit in the upper respiratory tract, where allergic reactions
are most common, whereas smaller particles (<2.1-3 um) penetrate into deeper regions such as the
alveoli, where invasive infections may occur.

In the monitoring of microscopic fungi in Baku, the use of this device allows researchers to
scientifically explain seasonal distribution patterns (e.g., dominance of dry allergenic spores affecting
upper airways in summer and moisture-loving pathogenic spores reaching deeper lung regions during
autumn and winter) as well as zonal risks (such as increased tolerant species in industrial districts).
These findings highlight the health risks associated with the inhalation of bioaerosols, including
allergic diseases and invasive mycoses, and emphasize the importance of establishing continuous
environmental monitoring systems.

Conclusion

The ecological monitoring of microscopic fungi and the analysis of bioaerosol dynamics in the
residential environment of Baku during 2024-2025 reveal the complex and multifactorial nature of
aeromycobiota distribution within the urban ecosystem. Seasonal dynamics indicate that during the
dry summer period (relative humidity <70%), species of Alternaria and Cladosporium dominate, with
average concentrations of 450-850 CFU/m?, mainly causing allergic reactions in the upper respiratory
tract such as allergic rhinitis, asthma, and conjunctivitis. In contrast, during the autumn—winter season
(relative humidity 70-85%), moisture-tolerant species such as Aspergillus and members of the
Mucorales group become dominant, with concentrations increasing to 1300-1950 CFU/m?. Smaller
spores capable of reaching the alveoli significantly increase the risk of severe mycoses such as
invasive aspergillosis and mucormycosis, particularly in immunocompromised individuals. From a
spatial perspective, the highest biological diversity and saprotrophic structure are recorded in parks
and green areas (Sabail and Khatai districts, Dede Gorgud Park, and the Botanical Garden area;
Shannon index 2.75-2.95), confirming the role of green infrastructures as natural bioaerosol filters.
In residential districts (Narimanov and Yasamal), anthropogenic factors such as traffic emissions and
construction dust promote the dominance of tolerant species. In industrial districts (Garadagh,
Binagadi, Surakhani, and Alat), diversity decreases significantly (Shannon index 1.85-2.10), with
negative correlations observed with heavy metals such as Pb, Zn, and Cu (r = —0.65 to —0.72), and
tolerant species such as Aspergillus terreus accounting for 32—40% of the fungal community. The
detection of rare toxigenic species (Stachybotrys chartarum, Mucor spp., Ulocladium spp.) around
the historical center Icherisheher raises concerns regarding the mycological safety of cultural heritage
monuments. Aerodynamic distribution results confirmed by the Andersen six-stage impactor
demonstrate that spores larger than 4.7 um (55-70%) deposit in the upper respiratory tract and
primarily trigger allergic diseases, whereas smaller particles (<2.1 um; 25-38%) penetrate into the
alveoli, increasing the risk of invasive infections. Dominant allergenic fungi (Alternaria,
Cladosporium, Aspergillus) contribute to seasonal peaks of asthma and allergic diseases (particularly
during autumn—spring; correlation coefficient r = 0.68—0.82), while toxigenic species (4. flavus,
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Stachybotrys chartarum, Fusarium spp.) produce mycotoxins (aflatoxin B1, ochratoxin A,
fumonisins, satratoxins) that may cause long-term respiratory irritation, immunosuppression, and
additional risks through the food chain. Risk assessment indicates that: Group I (critical) (4. flavus,
A. fumigatus) represents a very high risk (HQ 0.9-1.0; PM2.5 synergistic risk 1.5-2.2) affecting
children, the elderly, and immunocompromised individuals; Group II (dangerous) (Stachybotrys
chartarum, Fusarium spp., Alternaria spp.) presents a high risk (HQ 0.5-0.8); Group III (moderate)
(Cladosporium spp., Ulocladium spp.) shows a moderate risk level (HQ <0.5). The bioaerosol
dynamics of Baku differ from global urban trends: the Caspian Sea effect and increased humidity
promote rapid spread of pathogenic species, while industrial pollution reduces diversity and enhances
the dominance of tolerant fungi. Climate changes observed during 20242025, including increased
humidity and extreme weather events, have further intensified these processes. In conclusion, the
study highlights the need to establish a continuous bioaerosol monitoring system, implement artificial
intelligence-based predictive models, expand and protect urban green spaces, improve building
ventilation standards, and enhance public awareness programs such as seasonal allergy forecasts and
early warnings for risk groups. This interdisciplinary analysis provides a scientific basis for
integrating mycological safety and air-quality management into Baku’s sustainable urban
development strategy and identifies future research priorities, including the application of real-time
biosensor technologies, molecular-genetic identification methods, and high-sensitivity monitoring
systems.
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BHUJIOBOE PASHOOBPA3HUE U ITATOT'EHHBIE CBOMCTBA
AJUIEPTEHHBIX I'PUBOB, OBUTAIOIIUX B IIIKOJIBHBIX 3JAHUAX
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SPECIES DIVERSITY AND PATHOGENIC PROPERTIES
OF ALLERGENIC FUNGI INHABITING SCHOOL BUILDINGS

©Aliyev L., ORCID: 0000-0002-5561-5737, Ph.D., Institute of Molecular Biology of the Ministry of
Science and Education of the Republic of Azerbaijan, Baku, Azerbaijan, ilham-aliyev-59@mail.ru

Annomayus. TlpencraBieHHas paboTa MOCBSIEHA W3YYCHHIO BHUIAOBOTO pa3HOOOpa3us
MUKOOHOTHI, POPMHUPYIOIIEHCS B IIKOJIBHBIX 3IaHUSX, U €€ MAaTOTeHHBIX CBOMCTB. YCTAHOBIIEHO, YTO
B IIKOJBHBIX 3[aHUSAX IIUPOKO PACIpOCTPaHEHBl TPUOBI C AJICPreHHBIMH CBOWCTBaMH,
cocrasigromue 0onee 50% oOmieli MukoOnoTel. Takike BEBIIBICHO, YTO BBICOKAs OTHOCHTCIbHAS
BJI&KHOCTh Ha TEPBBIX ATaXKaX IIKOJIBHBIX 3[JAHUW MPUBOAUT K YBEIWYCHHUIO JIOJIU ajUICPTeHHBIX
KOMITOHEHTOB B a3poMHKpoOHoTe cBbiiie 30%, 4To co3AaéT yCIOBUS AJIsl SHIOTEHHOTO 3apaKeHHUs.
OnHOBpPEMEHHO YCTaHOBIIEHO, YTO MHKOTE€HHas CEHCHOWIM3alusi OpraHu3Ma 4YeJoBeKa
aJJIepreHHBIMU TPHOaMH MMPUBOAUT K CHHTE3Y aJUIEPTCHHBIX BEIIECTB, PA3IMYAIOIINXCS 10 (PU3UKO-
XMMHAYECKUM CBOMCTBaM, KOTOpbIE HEIOCPEIACTBCHHO BBI3BIBAIOT TPOSBICHUE HMX MATOTCHHBIX
cBoiicTB. CpaBHUTEIbHAS XapaKTEPUCTHKA MO YACTOTE BCTPEYAEMOCTHU IOKa3ama, uto: Aspergillus
niger Bctpedaercs B 50% ciyqaeB; Rhizopus nigricans v Rhizopus stolonifer — o 47%; Penicillium
chrysogenum wn Penicillium expansum — o 40%; Alternaria alternata — 34%; Fusarium moniliforme,
Fusarium oxysporum, Aspergillus fumigatus — no 30%; Penicillium funiculosum nu Penicillium
tardum — o 20%; Cladosporium herbarum — 17%. OcTtanbHble BUABI BCTPEYAIOTCS C YACTOTOM HUXKE
10% u cunTaroTcs Cly4aiHbIMU WX PEJKUMHU.

Abstract. The presented work is devoted to the study of the species diversity of the mycobiota
formed in school buildings and its pathogenic properties. It has been established that fungi with
allergenic properties are widely distributed in school buildings, accounting for more than 50% of the
total mycobiota. It was also found that high relative humidity on the first floors of school buildings
leads to an increase in the allergenic composition of the aeromycobiota by more than 30%, creating
conditions for endogenous infection. At the same time, it was established that mycogenic sensitization
of the human body to allergenic fungi leads to the synthesis of various biologically active substances
with different physicochemical properties, directly causing the manifestation of their pathogenic
effects. Comparative characteristics by frequency of occurrence showed that: Aspergillus niger
occurs in 50% of cases; Rhizopus nigricans and Rhizopus stolonifer — 47% each; Penicillium
chrysogenum and Penicillium expansum — 40% each; Alternaria alternata — 34%; Fusarium
moniliforme, Fusarium oxysporum, and Aspergillus fumigatus — 30% each; Penicillium funiculosum
and Penicillium tardum — 20% each; Cladosporium herbarum — 17%. The remaining species occur
with a frequency of less than 10% and are considered accidental or rare.
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Keywords: school, aeromycobiota, allergen, endogenous infection, mycogenic sensitization,
pathogenicity.

B coBpeMeHHBIN TepuOJ POCT YHUCICHHOCTH HACEICHUS W YCKOpPEHHE ypOaHHW3aIuu
CIOCOOCTBOBAM  IIUPOKOMY PACIPOCTPAHEHUIO MHKPOMHUIIETOB, YTO CHEJIaI0 MpodiieMy
MUKOTCHHOW CCEHCHOWJIM3AIlMd BEChbMa aKTyaJbHOH. YcTaHOBJIEHO, 4To Oomnee 80 BHIOB
MUKPOMHUIIETOB, PaCIIPOCTPaHEHHBIX B OKPYXKarlolIel cpene, 001a1aloT aJuIepreHHbIME CBOMCTBaMU
[7,12].

HccnenoBanusi TMOKA3bIBAIOT, YTO YAaCTOTa BCTPEYACMOCTH QIICPTHYECKUX 3a00JIieBaHUM
Bappupyer oT 6% 10 24%. Asuepruyeckue 3a00J€BaHMS, BBI3BAaHHBbIE MHUKPOCKOIUYECKUMU
rpubamu, yke MOATBEPXKIEHbl KIMHUYECKHUMH HCCIEeNOBaHUSIMH. IMEHHO MO3TOMY Takue TpuObl
Ha3bIBAIOT HMCTOYHHKaMU ajuiepreHoB. CremayeT OTMETHTh, YTO HAa OCHOBE HH(OpMAIUUA OT
HU3KOAQ(UHHBIX PEIENTOPOB B OPraHW3ME MHUKPOMHIICTAMH CUHTEC3UPYIOTCS MaKPOMOJIEKYJIbI
aJJIEPreHOB, OTIMYAIONINECS MO0 (PU3UKO-XUMHUYECKUM CBOMCTBaM. CpaBHUTENbHbBIE KIMHUYECKUE
MCCJIEIOBAHUS MTOKA3BIBAIOT, YTO IPUOBI C aJIEPreHHBIMU CBOMCTBAMH IIUPOKO PACTIPOCTPAHEHBI [2,
5]

Cpenu HUX TIPEACTABUTENH MISITH poioB — Aspergillus, Alternaria, Cladosporium, Penicillium
u Malassezia — 3aHUMAIOT JOMUHHUpYIOIIEE MOJoKeHne. B marorenese 3a0oneBaHmii, BHI3BAHHBIX
3TUMH TrpubamMu, ocobas poib NPUHAAICIKUT MUKOTEHHOW ceHcuOunm3anuu. Kpome Toro,
YCTaHOBJICHO, YTO KJIFOYEBHIM (DaKTOPOM B ITHOJIOTUM AJUICPTHUSCKHUX 3a00JICBAHUN SIBIISICTCS
BBICOKas (pepMEHTATHBHAS aKTUBHOCTh MUKPOAJIEPTeHOB [ 3, 9].

Crnenyer NOA4YEpKHYTh, UTO MATOJIOTMU MUKOTHYECKOTO MPOUCXOXKICHUS XapaKTEPU3YIOTCS KakK
«MH(EKIUN [HUBUIN3ALNUN» U SBISIOTCS MPHOPUTETHHIM HAIMPaBIEHUEM HCCIENOBaHUN. OTO
JIOKa3bIBA€T  BAXXHOCTH  BOMPOCOB  MHUKOJIOTMYECKOM  O€30MacHOCTH NIl  YYACTHHKOB
oOpazoBarenpHOTO nporecca. [8, 11].

[enpto paboOTHI SIBIANIOCH W3YYEHHE BHIOBOTO Pa3HOOOpa3us MHKPOCKOMHYECKHX TpHOOB,
3acemNsIoNUX IIKOIbHBIE 31aHus B . baky, 1 almiepreHHoro coctaBa GOopMHUPYIOIIEHCS MUKOOUOTHI.

Mamepuanvt u memooul

B xone uccnenoBaHus ObLIM BbIOpaHbl 9 IIKOJMBHBIX 3/1aHUM, PacIONOXEHHBIX B pailoHax
Cabaunb, SIcaman u bunaranu ropoga baky, mocTpoeHHble B pa3Hble Tojibl. B MccienyeMpIx mkonax
ObUIM TPOBEAECHbI KAau€CTBEHHbIE PEMOHTHBIE PaOOThI, U OHM OBUIM OCHAIIEHbl COBPEMEHHBIM
o0opynoBanueM. MUKOJIOTHYECKUE HCCIIEI0BAaHUS POBOAMIMCEH Ha BCEX ATAKaX COOTBETCTBYIOIINX
IIKOJI, TJIe OTOUPAITUCH MPOOBI U BHIMOIHSINCH MUKOJIOTHYECKHE aHAJIU3bI.

B pesynbrate Bu3yanbHbIX HaOMIOAEHUH B OOCIIEIOBaHHBIX IIKOJBHBIX 3AaHUSX ObUIN
BBISIBJICHBI TJIECHEBBIE MATHA pa3iuyHON okpacku. [IpoObl 0TOMpanrch METOJOM CeTUMEHTAluN U
anmiMKallMyd Kak U3 arMoc(epHOro Bo3Ayxa, TaK M C IMOBEPXHOCTU DPA3IUYHBIX CyOCTpaToB.
WHOKyIS1Ms TOJTy4eHHBIX 00pa3I[0B OCYLIECTBIISIACh KaK Ha MuTaTenbHyto cpeny Cabypo, Tak U Ha
cpeny Yaneka-Jlokca. Tak, U3 arMocgepHOro Bo3ayxa ¢ MOMOIIbI0 Mbuiecoca-ummnakropa PU-1B
poObI OpaIKCh € MOBEPXHOCTH MOTOJNKA, 110J1a, CTEH U APYTHX MPEIMETOB, a TaKKe ¢ miomanu 1 am?
IIPU TIOMOIIY CTEPUIIBHBIX BaTHBIX TAMIIOHOB WM CKapU(UKALMOHHBIX HHCTPYMEHTOB MSTKUM WIN
CMBIBHBIM METOZIOM U TOMeIIaJuch B 1 M CTepUIbHOW IUCTHIIMPOBAHHOW BOjabl. OOpasiibl
BBICEBAJIMCH Ha BhIIIIEyKa3aHHBIE MTUTATENbHbIE CPe/Ibl U MHKyOUpoBaIuCh npu Temieparype 28°C B
TeYeHHe 7 CyTOK.
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Jlna onpeneneHuss U UAEHTU(UKALKUN TPUOOB HMCIOIB30BAINCH OOIEIPUHATHIE KYJIBTYpHBIE,
Mopdonoruueckre 1 MUKpOCKOIIMYECKHE METO/IbI, a TAK)KE CYLIECTBYIOIIUE onpeaenuTent [1, 4, 6,
10].

DKCNIEPUMEHTBHI TPOBOJMWINCH B 4—6 OBTOPHOCTSX.

Tonyuennsvie pezyromamol u ux oocysncoeHue

VYCTaHOBIICHO, YTO MHKOOMOTA IIKOJIBHBIX 3JaHUM JOCTAaToO4HO Oorara 1O BHJIOBOMY
paszHooOpasuto u cocrout u3 30 Bugo (Tabmuia).

BrisiBneno, uro cpenud rpuOoB, OOHApPYKEHHBIX B HIKOJBHBIX 3/IaHUSAX, UMEIOTCS BHUIBI C
aJJIepreHHbIMU CBOICTBaMHM, KOTOpbIE cOCTaBIIOT 6osee 50% obiieit MukoOnoTsl. CpaBHUTENIbHAS
XapaKTEpPUCTUKA aJUIEPreHHBIX TpuOOB MO POIOBOMY COCTaBY IOKa3bIBAaeT, uTo:pon Penicillium
npencranieH 8 Bugamu (26,6%); Aspergillus — 5 sunamu (16,6%); Cladosporium u Fusarium — 1o
3 Buna (10+10%); Alternaria, Malassezia, Rhizopus n Trichophyton — 1o 2 Buna (26,4%; 6,6%x4);
Paecilomyces, Mucor n Ulocladium — 1no 1 Buny -9,9% Takum o6pazom, cpenu amiepreHHbIX
rpuboB noMuHUPYIOT ponsl Penicillium u Aspergillus, xapakrepu3syromniecst HaHOOJIBIIMM BHIOBBIM
pa3zHooOpa3uem.

. Tabnnna
CUCTEMATUYECKUU COCTAB I'PUGEOB

Poo Buo
Alternaria (1/2) Alternaria alternata (Fr.) Keissl.; Asradicina Meier
Aspergillus (1/5) Aspergillus candidus (Fr.) Link; A. flavus Link; A. fumigatus Fresen; A. niger

Tiegh; 4. oryzae Link

Cladosporium (1/3)

Cladosporium elatum Nannf;, C. herbarum Link; C. fulvum Link

Penicillium (1/8)

Penicillium brevi-compactum Dierckx; P. citrinum Thom; P. diversum Sacc, P.
expansum Link; P. chrysogenum Thom; P. funiculosum Thom; P. oxalicum
Currie et Thom, P. tardum Thom

Paecilomyces (1/1)

Paecilomyces variotii Bainier

Fusarium (1/3)

Fusarium culmorum Nees, F. moniliforme Scheld; F. oxysporium Fuckel

Malassezia (1/2)

Malassezia furfur, M. sympodialis

Mucor (1/1)

Mucor saturninus

Rhizopus (1/2)

Rhizopus nigricans Ehrenb, Rh. stolonifer Ehrenb

Trichophyton (1/2)

Trichophyton rubrum, T. tonsurans

Ulocladium (1/1)

Ulocladium atrum Preuss

CpaBHUTENbHAS XapaKTEPUCTHKA 110 YAaCTOTE BCTPEUAEMOCTH M0Ka3ana, uto: Aspergillus niger

BcTpeuaercss B 50% ciyvaeB; Rhizopus nigricans u Rhizopus stolonifer — no 47%; Penicillium
chrysogenum wn Penicillium expansum — o 40%; Alternaria alternata — 34%; Fusarium moniliforme,
Fusarium oxysporum, Aspergillus fumigatus — no 30%; Penicillium funiculosum wu Penicillium
tardum — o 20%; Cladosporium herbarum — 17%. OcTtanbHble BUABI BCTPEYAIOTCS C YACTOTOM HUXKE
10% u cunTaroTcs CIIy4alHBIMU WIN PEIKUMHU.

[TpoBen€HHBIE MUKOJIIOTUYECKHE UCCIIEOBAHUS MTOKA3BIBAIOT, YTO B YCIOBUAX OTHOCHUTEILHON
CTAllMOHAPHOCTH BHYTPEHHEH Cpe/bl IIKOJIBHBIX 3[MaHUW aJanTaiys MUKPOMMIIETOB MPOUCXOIUT
ObICTpee, BCIIEJACTBHE YEro UX KOHIIEHTpalKs B TIOMEIICHUH 3HaYUTeNIbHO Bo3pacTaeT. B pesynbrare
WHTCHCU(UIIPYETCS TPOIECC MHUKOTEHHOHW CEHCHOWIM3alliid, W HWMEHHO B OJTOT MOMEHT
aJuIepreHHbIe TPUOBI POSBIISIOT 0COOYI0 aKTUBHOCT.

B xone uccnenoBaHuil yCTaHOBIEHO, YTO OAHMM M3 OCHOBHBIX (DaKTOPOB, OINpEeIIsIOLINX
CEHCUOWIIM3UPYIONIYI0 aKTHBHOCTh aJUIEPIeHHBIX T'PUOOB, SBISETCS JETKUH BEC CIOp, KaToOpbIe
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xapaktepusytorcst 0,1-0,7 mkr. Takue cmopel CHOCOOHBI COBEpIIATh OBICTPHIE XAOTHYECKHE
TPACKTOPUH B BO3AYIIHOM IPOCTPAHCTBE, YTO O0JIErYaeT WX MUTPAIIMIO B OPTaHU3M.

K nérxkocnopoBbIM amjepreHHeIM TpubOam oTHOcATCS: Alternaria alternata, Aspergillus
fumigatus, Cladosporium herbarum, Penicillium chrysogenum, Fusarium culmorum, Mucor
satirnimus A Op.

Kpome Toro, oHON M3 MPUYHMH BHICOKOH CEHCHOMIIM3UPYIOIICH aKTHMBHOCTH aJlICPTeHHBIX
rpuOOB SBIISIETCS MX MaJbIi pasmep crop. Tak, ciopwl Alternaria alternata, Aspergillus candidus, A.
oryzae, Penicillium chrysogenum, P. tardum, P. diversum, P. expansum, Cladosporium herbarum,
Cladosporium fulvum, Fusarium moniliforme, Mucor satirnimus, Ulocladium atrum uMeroT pazmepsl
1—2 MKM, 9TO ITO3BOJISIET MM JIETKO IIPOHHUKATh B BEPXHUE JIBIXaTEIIbHBIC Ty TH U BbI3BIBATH PA3IHUHBIC
aJJIepruvaecKue 3a00ICBaHMS.

YcranoBieHo, uto Alternaria alternata, Aspergillus fumigatus, Penicillium chrysogenum w
Cladosporium herbarum oOGnanaroT HanOoJiee BBICOKOW CEHCHOWIM3HUPYIOIICH aKTUBHOCTHIO IO
CPaBHEHHIO C JAPYTUMH.

Taxxke B xome HCCIENOBAaHWI OBLIO TOATBEPKACHO, YTO OJHHM W3 CHUMIITOMOB HAaJHYUS
QJJICPreHHBIX TPHOOB B MIKOJBHBIX 3aHUSAX SIBISETCS 3HAYUTEIBHOE KOJIMYECTBO YUEHHKOB,
CTPaIAIONINX AJICPTHYCCKUMHE 3a00JICBAaHUSMHU.

[lo pesynpraTam WCCIENOBAaHUW BBIICHGHO, YTO CPEAU IIKOJBHHKOB, CTPAJAIOLIHX
Pa3IMYHBIMHU JIJIEPrU4€CKUMH NaTtojaorusiMu, 20—25% nposBIsitOT BBICOKYIO UyBCTBUTEIBHOCTh K
IUIECHEBBIM ~ TpubaM. B 3Tux  ciydasx  ajulepreHHble  MHUKPOMHIIETBI  CHHTE3HPYIOT
BBICOKOMOJICKYJISIPHBIC UMMYHOJIOTHUECKH aKTHBHBIE BEIICCTBA U CEKPETUPYIOT UX B OPTaHU3M, YTO
MPUBOIIUT K PA3BUTHIO COOTBETCTBYIOIIMX MATOJIOTHHA.

YCTaHOBIICHO, YTO Y MIKOJHHHKOB MPOMCXOIUT KOHTAMUHAIMS aJUIEPTEHHBIMH TpHOamu, a
TaKKe OBICTPOE MPOHUKHOBEHHUE MEITKUX CIIOP M KOHUMH B OPTaHU3M JIFOICH C HU3KMM UMMYHHBIM
CTaTyCcoM.

Jlaxke eciy B BO3yXe NMEPBOT0 3Ta)ka IIKOJIbHBIX 3/IaHHMH, I71e YPOBEHb BIaXXHOCTH JJOCTATOYHO
BBICOK, KOHIEHTpAIHs aJuIepreHHbIX TrpuOoB mpeBbmmaeT 30%, TO TpU JBIXaHUU yYalluXcs
SH/IOT€HHOE 3apa)KeHHE BEPXHUX JIbIXaTeIbHBIX MMyTel ajuiepreHHbiMu rpudamu qocturaet 70-90%.
B sToM citydyae HauOONBIIYI0 aKTUBHOCTh MPOSIBISAIOT poabl Aspergillus w Penicillium, ocobeHHO
Aspergillus fumigatus v Penicillium chrysogenum.

Kpome TOro, ycTaHOBJIEHO, YTO ajUIepreHHble TPHOBI, OCOOCHHO OTHOCSIIMECS K poaaM
Aspergillus, Alternaria, Cladosporium, Penicillium w Malassezia, B Tporiecce MHUKOTCHHOU
CEHCHOMIIM3AINY Y YeIOBEKa CUHTE3UPYIOT 0K0JI0 40 MaKpOMOJIEKYJISIPHBIX aJJIEPTeHHBIX BEILECTB,
OTIIMYAIOLIUXCS 1O (PU3UKO-XUMUYECKUM CBOWMCTBaM, Ha OCHOBE MH(poOpManMu 0 HU3KOA(PPUHHBIX
penentopax (IgE).

Crnemyer OTMETUTH, YTO UMEHHO C MOMOIIBIO0 3TUX WMMYHOJOTHUECKH AKTHBHBIX BEIIECTB
aJlJIepreHHble TPUObI MPEOA0JIEBAIOT 3AIUTHBIE Oaphephbl OpraHU3Ma M BBI3BIBAIOT aJIEPTUYECKHE
naronoruu. ITpoBenéHHbIE HCCIEOBAaHUS IOKA3bIBAIOT, YTO (DAKTOP BIAKHOCTH CTHUMYIHPYET
pa3MHOXKEHHE aJUIEPTeHHBIX TPUOOB B IIKOJIBHBIX 3/IaHUSAX. B yCIOBUSX MOBBINICHHOHN BIIaXXHOCTU
NETKOCTIOPOBBIE  TPHOBI ~ aACOPOMPYIOTCST  pa3iIMYHBIMH  KOMIIOHEHTaMH  OBITOBOW  ITHLIH,
MPEBpAIAOTCSl B OM0a’pP0O30JIH, a MX Macca M pa3Mepsl MPAKTHUECKN YIBAaUBAOTCA. DTO YCKOPSIET
AKTUBAIUIO KaK SHJOTCHHBIX, TaK U DK30T€HHBIX MEXaHU3MOB 3apaKCHHs OpraHu3Ma, B Pe3ybTaTe
Yero MPOSBIISIOTCS Pa3InYHbIE MUKOAJUIEPTHUYECKHUE aTOJIOTHH.

Takum 00pa3oM, CHIDKEHHE arpecCHBHOCTH aJUIEPTeHHBIX TI'pUOOB, MUTPHPYIOIIUX BO
BHYTPEHHYIO CpeIy IIKOJBHBIX 3/IaHUi, O3HayaeT YMEHbBIICHHE pPHUCKAa MHUKOAIEPTHYECKON
CEeHCHOMJIM3AIMKM CPEeI LIKOJIBHUKOB. JIJI 3TOTO B IIKOJBHBIX 3JaHHUSIX HEOOXOAMMO PEryJsipHO
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IIPOBOAUTL CAHUTAPHO-3IMUACMHUOJIOTHYCCKUC 06CJ'IC,£[OBaHI/I$I N THIATCJIbHO KOHTPOJIHUPOBATH
MI/IKpO6I/IOHOFI/I‘IeCKOG COCTOsSIHHEC.
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FLORISTIC STUDY OF MONOTYPIC GENERA OF EARLY AND LATE SPRING
PLANTS OF THE Fabaceae Lindl. FAMILY, SPREAD IN THE TERRITORY
OF THE NAKHCHIVAN AUTONOMOUS REPUBLIC
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OJOPUCTHYECKOE UCCIEJOBAHUE MOHOTHIIHBIX POJOB PAHHE-
U MTO3JTHEBECEHHUX PACTEHHUI CEMEMCTBA Fabaceae Lindl.,
PACITPOCTPAHEHHBIX HA TEPPUTOPUH HAXYBIBAHCKOM
ABTOHOMHOM PECITYBJIMKH
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Abstract. The article deals with the floristic study of monotypic genera of early and late spring
vegetation belonging to the family Fabaceae Lindl. (legumes) spreading in the territory of the
Nakhchivan Autonomous Republic. The main purpose of the study is to determine the species
composition, bioecological characteristics, distribution area, phytocenotic relationships, and
ecological adaptation mechanisms of monotypic genera found in the region. As a result of the study,
biomorphological characteristics, life forms, geographical areal classes, and ecological groups of
early and late spring plants of the Fabaceae family were studied. Also, the adaptation characteristics
of these species to soil-climatic conditions and the level of resistance to anthropogenic influences
were analyzed. The analysis of the areal structure of early spring plants showed that among the studied
species, the xerophilous areal type predominates with 8 species, constituting 80% of the total
composition. Within this type, the Mediterranean areal class is in the first place with 4 species (40%).
The Eastern Mediterranean, Eastern Asia, Asia Minor, and Iranian areal classes are each represented
by 1 species (10%). In addition, the Boreal type is represented by 1 species (10%) in the European
areal class, and the Desert type is represented by 1 species (10%) in the Eastern Pontic areal class.
The analysis conducted on altitudinal zones shows that the main part of the species is represented by
4 species (40%) in the plain and low mountain zones. The plain zone is characterized by 3 species
(30%), the low mountain zone by 2 species (20%), and the species spreading to the middle mountain
zone by 1 species (10%). Overall, 70% of the species are concentrated in the plains and lower
mountain levels, while species numbers decline sharply at higher hypsometric levels.

Annomayus. CraThsi TOCBsIIEHA (IOPUCTHUYECKOMY HCCIIECOBAHUIO MOHOTHITHBIX POJIOB
paHHe- M TO3AHEBECEHHEW Bereranuu, oTHocsmuxcs K cemeiictBy Fabaceae Lindl. (boGosbie),
pactpocTpaH€HHBIX Ha TeppuTopuu HaxubiBanckoit ABroHOMHON PecmyOmuku. OCHOBHOM IIEIBIO
WCCIICIOBAHUS SBISICTCS OIPEICICHIE BHUIOBOTO COCTaBa MOHOTHITHBIX POJIOB, BCTPEYAIOIIUXCS B
peruoHe, ux OMOIKOIOTUYECKUX OCOOCHHOCTEH, apeanoB pacHpoCTpaHEeHHs, (PUTOIEHOTHYECKUX
CBSI3e M MEXaHU3MOB DKOJIOTHYECKON ajamntanuu. B pesynbrare ucclieqoBaHus ObUIM H3Y4YECHBI
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onoMopdosIoruuecKkue 0COOCHHOCTH, >KU3HEHHBIE (OpPMBI, Teorpauueckue Kiacchl apeajoB M
HKOJIOTUYECKHE TPYMIbl paHHE- U MO3JHEBECEHHUX pacTeHud cemeiictBa bobGosbie. Taxoke
MIPOaHATN3UPOBAHBI OCOOCHHOCTH AN TAIIMU 3TUX BUJOB K TOYBEHHO-KIMMATHUYECKUM YCIOBUSM U
YPOBEHb HX YCTOMYMBOCTH K aAHTPONOTEHHBIM BO3JACHCTBUAM. AHAIU3 NPOCTPAHCTBEHHOU
CTPYKTYpPbl PaHHEBECEHHMX pACTeHHUU I[IOKa3aj, 4YTO Cpelud H3yYEeHHBIX BHUIOB MpeolnanaeT
Kcepo(pUIIbHBIN apeanbHbIi THII ¢ 8 BUAamu, coctapisommmu 80% ot obuiero coctaBa. B pamkax
ATOTO TUIIA HA MIEPBOM MECTE HaXOJUTCS CPEAN3EMHOMOPCKUM apeanbHbli Kitace ¢ 4 Bugamu (40%).
Bocrouno-CpenusemHomopckuii, Bocrouno-Asuarckuii, Manoasuarckuii 1 Mpanckuil apeanbHble
KJaccsl npeactasieHsl o 1 Buny (10%). Kpome toro, 6opeanbubiii Tum npeacrasiex 1 Bugom (10%)
B €BPOINEHCKOM apeanbHOM Kilacce, a mMycThIHHbIN Tuln — 1 BugoM (10%) B BOCTOYHO-ITOPTOHCKOM
apeajJbHOM Kiacce. AHalu3, IPOBEIEHHBIN 110 BHICOTHBIM 30HAM, IT0KA3bIBAET, YTO OCHOBHAS YacTh
BUJOB mpencraieHa 4 BunaMu (40%) B paBHUHHONW M HU3MEHHOM 30HaX. /{1 paBHUHHOW 30HBI
xapakrepHo 3 Buaa (30%), nis HuzmenHoit — 2 Buaa (20%), a ans cpenHeit ropHoit 3061 — 1 BUA
(10%). B uenom, 70% BHUI0B COCPETOTOYEHBI HA PABHUHAX U B HUKHUX TOPHBIX pailoHax, B TO BpeMs
KaK YMCJIEHHOCTh BUJIOB PE3KO COKpalllaeTcs: Ha 00Jiee BBICOKUX THIICOMETPUYECKUX YPOBHSX.

Keywords: Fabaceae, monotypic genera, early spring plants, late spring plants, floristic
analysis.

Knioueswvie cnosa: Fabaceae, MOHOTHUITHBIE POJIBI, pAHHEBECEHHHUE PACTEHUS, TIO3JTHEBECCHHUE
pactenus, (QIOPUCTUYECKUI aHATH3.

The territory of the Nakhchivan Autonomous Republic is considered one of the important
phytogeographic regions of Azerbaijan with its rich biodiversity and unique floristic composition.
The complex relief of the territory, various altitude zones, sharply continental climate, and diversity
of soil cover have created conditions for the formation of plants belonging to various ecological
groups here. Despite the arid climate, the Nakhchivan flora is represented by relict, endemic, and
widespread species, and the vegetation of the region is of particular interest from a scientific point of
view. In this regard, the systematic study of individual families spreading in the area is one of the
main directions of floristic research.

One of the important families widely spreading and distinguished by its species diversity in the
Nakhchivan flora is the Fabaceae (Legumes) family. Representatives of this family play an important
role in the formation of natural phytocenoses, increasing soil fertility (through nitrogen fixation) and
in terms of their feed, medicinal, and technical importance. Species belonging to the Fabaceae family
are widely spread mainly in the foothills, mountainous, and semi-desert zones. In particular,
monotypic genera are of particular importance in systematic and evolutionary terms, since they are
represented by a single species and reflect the uniqueness of the flora of the region.

Early and late spring plants belonging to the Fabaceae family differ in the characteristics of the
vegetation period and clearly demonstrate their adaptation mechanisms to climatic factors. Early
spring plants pass a rapid development stage by effectively using the short-term wet period, while
late spring species are distinguished by more stable vegetation characteristics. The main purpose of
the study is to conduct a floristic analysis of monotypic genera of early and late spring plants of the
Fabaceae family spreading in the territory of the Nakhchivan Autonomous Republic. In this regard,
the floristic study of monotypic genera with early and late spring vegetation is of great scientific
importance for determining their bioecological characteristics, distribution areas, and phytocenotic
roles.
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Material and research methods

In the identification of species, classical floristic sources were used - Flora of the Caucasus
[12].

Flora The studies were conducted in various areas of the Nakhchivan Autonomous Republic in
2025-2026. The material of the study consisted of samples collected from natural populations of early
and late spring vegetation monotypic genera of the Fabaceae family (Legumes) widespread in the
region. During the field studies, a route-expedition method was used, covering various altitudinal
zones, foothills, mountainous and semi-desert landscapes. The distribution areas, frequency of
occurrence and phytocenotic position of the species were observed and recorded on site. During the
study, phenological observations were made on selected species, and their vegetation stages
(germination, flowering, fruiting, etc.) were studied comparatively in terms of early and late spring
aspects. The collected herbarium specimens were dried, prepared in a standard manner, and after
systematic designation, they were submitted to the herbarium fund of the Department of Biology.

In the identification of species, classical floristic sources were used — Flora of the Caucasus,
Flora of Azerbaijan, as well as the works of S. K. Cherepanov on the systematics of higher plants.
The latest nomenclature and taxonomic changes were clarified on the basis of the World Flora Online
database (https://about.worldfloraonline.org/).

In the research process, biomorphological, ecological, taxonomic, floristic-systematic and
phytocenological methods were used in a complex manner, and the results obtained were summarized
through comparative analysis. A number of references were used in conducting of the research [1-10,
12, 16, 17].

Discussion and conclusions of the study

As a result of the conducted floristic studies, the species composition, distribution
characteristics, and ecological position of monotypic genera with early and late spring vegetation
belonging to the Fabaceae family, widespread in the Nakhchivan Autonomous Republic territory,
have been determined. It has been established that these genera spread mainly in the foothills and
middle mountain belts, and partly in semi-desert landscapes. Early spring species are distinguished
by their short vegetation period and rapid ontogenesis stage, making maximum use of the humid
period of spring, while late spring species are characterized by more stable development
characteristics and a relatively long flowering phase. During the study, the biomorphological
characteristics, life forms, and role of species within the phytocenosis were comparatively analyzed.
It was found that monotypic genera, in addition to having a special position in terms of systematics,
act as one of the components that create stability in the ecosystem. Their adaptation mechanisms to
soil-climatic conditions, especially drought resistance characteristics, have been formed in
accordance with the sharp continental climate of the region. The results obtained show that a
comprehensive study of monotypic genera with early and late spring vegetation allows for a more
complete assessment of the flora diversity of the region. The results of the study create a scientific
basis for the protection, sustainable use of these species, and the development of future monitoring
programs. Therefore, the floristic study of monotypic genera with early and late spring vegetation
belonging to the Fabaceae family, widespread in the Nakhchivan Autonomous Republic territory, is
considered an urgent and important problem [11, 16].

During the conducted studies, 10 species of monotypic genera with early and late spring
vegetation belonging to the Fabaceae family, widespread in the region, were identified by us. Thus,
spring plants are represented by 6 species belonging to 6 genera, and late spring plants are represented
by 4 species belonging to 4 genera. The taxonomic composition of these species by genera is given
below.
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Fam: Fabaceae Lindl.

Genus: 1. Acacia Mill.

*Acacia dealbata Link.

Genus: 2. Albizzia Durazz.

*Albizzia julibrissia Durazz.

Genus: 3. Caragana Lam.

Caragana grandiflora DC.

Genus: 4. Spartium L.

Spartium junceum L.

Genus: 5. Cercis L.

Cercis siliquastrum L.

Genus: 6. Argyrolobium Ecxkl. et Zeyh.

Argyrolobium roseum var. subuniflorum Boiss. (4. trigonelloides Jaub. et Spach.)

Late spring plants

Genus: 7. Ononis L.

Ononis pusilla L.

Genus: 8. Trigonella L.

Trigonella gladiata Steven. ex M. Bieb.

Genus: 9. Arachis L.

Arachis hypogaea L.

Genus: 10. Gleditshia L.

Gleditsia triacanthos L.

The Fabaceae family (Legumes) occupies an important place in the world flora due to its
species richness, biomorphological diversity and ecological plasticity. Species belonging to this
family spread in the form of trees, shrubs, annual and perennial herbs, and show the ability to adapt
to various climatic and soil conditions. Legumes play a special role in increasing soil fertility, since
a symbiotic relationship is formed with nitrogen-fixing bacteria (rhizobium) in their root system.

The early and late spring plants presented by us include mainly decorative, introduced or
cultivated species, as well as forms spreading in the natural flora. Species that bloom in early spring
start the vegetation period early and effectively use humid and mild temperature conditions. Late
spring species, on the other hand, are more resistant to temperature increases and are di